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PREFACE

This collection of papers represents the work of the Ion Storage Group, Time and
Frequency Division, National Institute of Standards and Technology from October 1988 to
February 1992. It follows the collections of papers contained in NBS Technical Note 1086,
Trapped Ions and Laser Cooling (June 1985) and NIST Technical Note 1324 Trapped Ions
and Laser Cooling II (September 1988). Although the primary goal of this work has been
the development of techniques necessary for achieving high resolution spectroscopy, we have
also been able to investigate related areas of research.

Papers listed on page vii were published or prepared during the period October 1988
to February 1992 but are not included here. They can be obtained on request. We intend to
update this publication periodically to include new work. We hope this collection of papers
will be useful to our colleagues in this and related fields.

We acknowledge the important contributions of several colleagues to this collection.
In particular, we thank Larry Brewer, Claude Cohen-Tannoudji, Jean Dalibard, Frank
Diedrich, Frank Elsner, Sarah Gilbert, Jon Gilligan, Dan Heinzen, Dan Larson, Chuck
Manney, Fred Moore, Mark Raizen, and Carl Weimer. We gratefully acknowledge the
continued support of the U. S. Office of Naval Research and the support of the Air Force
Office of Scientific Research through September 1991.

James C. Bergquist
John J. Bollinger
Wayne M. Itano
David J. Wineland

Boulder, Colorado
March 1992
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Perpendicular laser cooling of a rotating ion plasma in a Penning trap

Wayne M. Itano, L. R. Brewer,* D. J. Larson,’ and D. J. Wineland
Time and Frequency Division, National Bureau of Standards, Boulder, Colorado 80303
(Received 13 June 1988)

The steady-state temperature of an ion plasma in a Penning trap, cooled by a laser beam perpen-
dicular to the trap axis, has been calculated and measured. The rotation of the plasma, due to
crossed E and B fields, strongly affects the minimum attainable temperature. This is because the ve-
locity distribution of the ions, as seen by a laser beam intersecting the plasma at some distance from
the axis of rotation, is skewed, and this leads to a change in the velocity distribution (and hence tem-
perature) at which a steady state is attained. The calculated temperature is a function of the intensi-
ty, frequency, and position of the laser beam, and of the rotation frequency of the plasma. Temper-
atures of °Be™ plasmas were measured for a wide range of experimental parameters. The lowest and
highest temperatures were approximately 40 mK and 2 K. The measured and calculated tempera-

tures are in agreement.

I. INTRODUCTION

Laser cooling is a method by which radiation pressure
is used to reduce the temperature of atoms.! It has been
demonstrated with free and bound atoms and also with
ions confined in Paul and Penning traps. Laser cooling of
atoms confined by a harmonic potential has been studied
theoretically by many methods.! The Paul (radio-
frequency) trap uses an oscillating, inhomogeneous elec-
tric field to create a harmonic potential for the average
motion of an ion.>? However, motion in a Paul trap
differs from that in a harmonic trap, since there is a
forced oscillation (micromotion) at the frequency of the
applied field. The micromotion has not been included in
calculations of laser cooling, except by numerical simula-
tion.*

In a Penning trap, static electric and magnetic fields
confine the ions. In some ways, the Penning trap is more
difficult than the Paul trap to treat theoretically. Some of
the difficulties arise because the electrostatic potential en-
ergy decreases as an ion moves radially outward from the
trap axis.>®> A magnetic field along the trap axis is re-
quired to confine the ions radially. The combined effects
of the magnetic field and of the radial electric field lead to
a circular E X B drift of the ions about the trap axis. This
rotation leads to a basic difference between laser cooling
in a Penning trap and in a harmonic trap. It can be
shown that conservation of energy and of the axial com-
ponent of the canonical angular momentum L, guaran-
tees confinement of the ions.’> However, external torques,
due to collisions with neutral molecules or to asym-
metries of the trap fields, change L, and may cause the
jons to move outward radially.®’ Thus long-term
confinement is not guaranteed even if laser cooling
reduces the random motion of the ions. A laser beam of
appropriate tuning and spatial profile can be used to ap-
ply a torque to the ions in order to prevent this radial
drift, while also cooling their random motion.®? The axial
motion in a Penning trap does not suffer from these com-
plications, since the axial well is harmonic, and since
there are no axial magnetic forces. A laser beam which is
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not perpendicular to the trap axis can be used to cool this
motion.

The previous theoretical treatment of laser cooling in a
Penning trap considered only a single ion.® When many
ions are confined, the additional electric fields lead to an
increased rotation frequency of the ions around the axis,
which affects the cooling. Also, detailed calculations
were carried out only for the case where the Doppler
broadening was much smaller than the natural linewidth
of the optical transition. This is often not the case in
practice.

Several reports of laser cooling of ions in Penning traps
have appeared previously.” !¢ While temperature mea-
surements were reported in all of these references, and
Ref. 9 reported a measurement of the cooling rate, in
rough agreement with theory, very little has been done in
the way of quantitative comparisons of theory and experi-
ment. Simple theoretical calculations yield a predicted
minimum temperature T, =fiyo/2kg, where y, is the
radiative linewidth of the atomic transition in angular
frequency units and kp is Boltzmann’s constant.® This
minimum temperature has been approached within about
a factor of 10 when the laser beam was perpendicular to
the trap axis, and within about a factor of 2 when the
cooling laser was not perpendicular to the axis.'* More
typically, the lowest observed temperatures were higher
than T _; by two orders of magnitude, and no explana-
tion of this discrepancy has been given.

In this paper we present a calculation of the perpendic-
ular (cyclotron) temperature in a Penning trap for the
case in which the cooling laser beam is perpendicular to
the trap axis. This geometry is often used experimental-
1y >10.12714 The calculations are compared to experi-
ments in which temperatures of Be* plasmas were mea-
sured for a wide range of experimental conditions. For
typical experimental conditions, the minimum perpendic-
ular temperature is found to be much greater than
T min =#Y0/2ky. The reason stems from the condition
that the work done by the laser on the ions be zero in the
steady state. The rate at which work is done on an ion of
velocity v by a force F, which in this case is parallel to

5698 TN-1



38 PERPENDICULAR LASER COOLING OF A ROTATING ION . ..

the direction of propagation of the laser beam, is F-v. If
the laser beam intersects the ion plasma on the side
which is receding from the laser due to the rotation of the
plasma, F-v would tend to be positive. (If it intersects on
the other side, the plasma radius expands and there is no
steady state.!®) In order to make the average value
(F-v) =0, the frequency of the laser is tuned below reso-
nance, which, because of the Doppler effect, makes F
stronger for ions with F-v <0 than for ions with F-v>0.
In order to get {F-v) =0, due to cancellation between
negative and positive contributions to the average, the
width of the velocity distribution must have a certain
value, which corresponds to a temperature higher than
Tmin'

II. THEORY

A. Simple theory

In this section a simplified theory of perpendicular
laser cooling of an ion plasma in a Penning trap is
presented. Some of the simplifying assumptions will be
modified in the following sections, in order to obtain
quantitative predictions that can be compared with ex-
periment.

The trap is assumed to approximate the ideal Penning
trap, which consists of a uniform magnetic field B=B3Z
superimposed on a static electric potential

2
z

dr(r,z)= i (2z2-r?), (1

4q

where m and g are the mass and charge of an ion, and @,
is the frequency of axial motion of a single ion in the trap.
The actual frequency of motion of an individual ion is
shifted by the presence of the other ions. Here, r and z
are the cylindrical coordinates of a point in the trap.

It is assumed that the plasma rotates about the z axis
with a uniform angular frequency o, that is, without
shear. The velocity distribution of the ions is assumed to
be a Maxwell-Boltzmann distribution superimposed on
this uniform rotation. A Maxwell-Boltzmann velocity
distribution superimposed on a uniform rotation is a
characteristic of a non-neutral plasma in thermal equilib-
rium in cylindrically symmetric fields.'”!® If there is
shear within the plasma, a resulting frictional force tends
to reduce the shear, leading to uniform rotation in the
steady state. Approximate uniform rotation of the plas-
mas has been verified experimentally.'>!>1%20 The tem-
peratures T, and T, describe the velocity distributions in
the x-y plane in the z direction, and differ because cooling
of the z motion occurs only by ion-ion collisions. If there
were no relaxation between T, and T, then T would in-
crease without limit, due to heating by photon recoil. We
assume that the relaxation is sufficient that T reaches a
steady value somewhat higher than T,. Under the as-
sumptions stated in this section, the calculation of T
does not require any knowledge of T. If the beam is not
perpendicular to the axis, the temperatures depend on the
relaxation rate between the perpendicular and parallel ki-
netic energies, which could be measured by a separate ex-
periment.
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A key assumption in the calculation of T, is that, ex-
cept for the change in energy due to the scattering of
photons from the laser, the total (kinetic plus potential)
energy of the ion plasma is conserved. This is true to the
extent that the plasma is isolated from the rest of the
universe and can be described by a time-independent
Hamiltonian. These assumptions would be violated by
collisions of the ions with neutral atoms or by interac-
tions with time-varying external electric and magnetic
fields. In practice, the pressure in the trap and the time-
varying fields (due, for example, to thermal radiation or
to charges moving on the trap electrodes) can be made
low enough that the interaction with the laser is the main
source of energy change of the ion system. The rapid
heating of the ion plasma that was observed in one exper-
iment after the cooling laser was shut off’! can be ac-
counted for by a conversion of the electrostatic potential
energy of the ions to kinetic energy as the plasma expand-
ed radially.

On the other hand, it is not assumed that L, is con-
served in the absence of the torque due to the interaction
with the laser. If the trap fields were perfectly axially
symmetric, and if the ions were totally isolated from col-
lisions with neutral atoms and the radiation field, then L,
would be conserved. However, static electric or magnetic
fields which violate axial symmetry can apply a net
torque to the ion plasma and change L, even though, be-
ing time independent, they cannot transfer energy. In
fact, such torques are required in order for the plasma to
attain a steady state (a state in which all of the observable
properties are constant in time) while the laser beam is
applying a finite torque to the plasma. It has been experi-
mentally observed that a steady state can be obtained
even when the radial displacement of the laser beam from
the trap center is greater than the beam radius. In this
case, the torque due to the laser must be balanced by the
other external torques. The oscillations that have been
observed in the fluorescence of a plasma of laser-cooled
Mg* ions'® may be due to the fact that the nature of the
external torque is such that the energy and the angular
momentum cannot be balanced at the same time, for
those experimental conditions.

The calculation of the torque applied by the laser is
straightforward.® The torque due to static field asym-
metries is not well understood in general and is a topic of
current  experimental®”?>"%  and  theoretical?®*?’
research. In studies of confined electron plasmas, it has
been observed that, at sufficiently low pressures, the radi-
al expansion rate, which is a measure of the external
torque, is independent of the pressure.” The expansion
rate decreased when care was taken to reduce asym-
metries in the apparatus.’? Some plasma instabilities
which can be driven by static field asymmetries have been
studied experimentally.?>?* No attempt will be made in
this article to calculate the external torque. Rather, it is
assumed that values of @ and T, that ensure a steady
state can be found. The point of the calculation is to
determine the value of 7', which is consistent with given
values of w and the other parameters. In the experi-
ments, @ and T, were varied by varying the position, in-
tensity, and frequency of the cooling laser beam.
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The ion plasma is assumed to interact with a mono-
chromatic laser beam, whose frequency w; is close to res-
onance with a strong optical transition of frequency w,.
We assume that the upper state of the transition decays
only to the ground state. The center of the beam lies in
the plane defined by z=0, and passes through the point
(x,,2)=(0,d,0), parallel to the x axis (see Fig. 1). The
coordinate system is such that, for d >0, the rotation of
the plasma causes the ions to recede from the laser. The
laser intensity is assumed to be so low that saturation of
the transition can be neglected. The interaction of the
ions with the laser radiation is assumed to consist of a
series of photon-scattering events. The events are as-
sumed to occur at random times; hence small effects such
as photon antibunching®® 33 are neglected here. The de-
lay between the photon absorption from the laser beam
and the subsequent photon emission is neglected. This is
justified as long as the natural linewidth of the transition
is much greater than the frequencies of motion of the ion.
(This case has been called the “weak binding” or “heavy
particle” limit.!) The change in kinetic energy due to
scattering a photon depends on the direction of the emit-
ted photon. The angular distribution of the emitted pho-
tons, in a frame moving with the atom, is such that the
probability of emission in the direction k is equal to the
probability of emission in the direction —k. The energy
change per scattering event, averaged over all possible
emission directions, is then

(AE,)=#k-v+2R , (2)

where k is the wave vector of the absorbed photon
((k|=wy /c), v is the velocity of the ion before the
scattering event, and the recoil energy R =(#k)*/(2m)
[see Eq. (3) of Ref. 34]. This quantity can be thought of
as the time integral for one scattering event, of F-v, in-
cluding the average effect of the photon recoil.

The rate of energy change of an ion while it is within
the laser beam is equal to the product of the average en-
ergy change per photon scattering [Eq. (2)] and the rate
of photon scatterings. The rate of photon scatterings (in

the low-intensity limit) is
J

Io

(fikv, +2R ) expl — (v, —wd )*/u?]

(4

+
dt >_ fiwg f—oo (1+[(2/y N, —op—kv )P} VTu U
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FIG. 1. Diagram showing the laser beam intersecting the ion
plasma in (a) the x-y plane and (b) the y-z plane. The laser beam
is parallel to the x axis and lies in the z=0 plane. Its distance of
closest approach to the z axis is d. The direction of the plasma
rotation (at angular frequency o) is indicated.

_Iog  (y/2)
fiop [(y,/2)+A%]

YL (3)

where I is the light intensity, o, is the scattering cross
section at resonance, Yy, is the natural linewidth of the
transition, and A=w; —~wy—kv, is the detuning of the
laser frequency from resonance, taking into account the
Doppler shift. Here, wg=wy+ R /# is the resonance ab-
sorption frequency of the ion, which is slightly shifted by
the recoil term R /#. The velocity-averaged rate of ener-
gy change of an ion in the beam is

(4)

where u =(2kz T, /m)!/2. Equation (4) is the same as Eq. (7) of Ref. 34, except that the center of the velocity distribu-
tion is shifted from v, =0 to wd due to the uniform rotation of the plasma. The finite width of the beam has been
neglected here, but will be included later. Below, we solve Eq. (4) for the steady state given by (dE /dt ) =0.

Equation (4) can be put into a form which is more suitable for computation by expressing the integral in terms of the
real and imaginary parts of the complex error function w (X +iY), which can be defined, for Y >0, by

Y

w(X+iY)=—l—f+w ¢

T/ { A
™ — o0 X+IY—'td

The real and imaginary parts of w (X +iY) are
2

-
Rew(X +in=2 [*" g,
7w (X =17ty
— et
Imw(X +iy)=~ [T X0
7w (X—1)+Y

(5)

TN-3



38 PERPENDICULAR LASER COOLING OF A ROTATING ION . .. 5701

Tables®® and methods for the numerical approximation®® of w (X +iY) have been published.
Let the integration variable in Eq. (4) be changed to t=(v,—wd)/u, and let Y=y,/(2ku) and X

= (0, —wo—kod)/(ku). Then
<gg>= Io,Y? f+w[ﬁk(ut+wd)+2R]e*'2dt -
dt | #o,Vmd - Y2+ (X —1)? ' g

Replacing ¢ in the numerator of the integrand by X —(X —¢), we have

—q?

dE\_ TookY’ R | pte e
— )= | (uX +owd +-— S S—
< dt> o V' T ik f—w Y24+ (X —1)?
IogV'mkY
=T | i +wd+ 2
(I)L m

If the values of the rotation frequency w, the spatial offset
d, and the laser frequency detuning (w; —wp) are fixed,
then (dE /dt ) is a function only of u, which is a function
of T,. The steady-state value of T (if it exists) is found
by solving the equation (dE /dt )(T|)=0 for T,. This
equation has been investigated numerically, and solutions
have been found to exist for wd 20 and (w; —wg) <0.
The steady-state value of T, is a function of w, d, and
Aw; =w; —w. Since o and d occur only in the combina-
tion wd, T, is a function of only two variables, od and
Aw;, for a given transition in a given ion. There is no
dependence of T'; on the intensity I, since it enters the ex-
pression for (dE /dt) as an overall factor and thus does
not change the solution of the equation (dE /dt)(T))
=0.

Figure 2 shows T, as a function of Aw; , for @/27=50
kHz and for several values of d. The values of m, y,, and
wy are for the 2s2S,, to 2p?*P;, [A=313 nm,
7o=(2m)19.4 MHz] transition of *Be*. For a given
value of Aw;, T increases as d increases. Hence the
lowest temperatures are obtained by keeping d as small as
possible. The curve of T, for d =0 is the same as what
would be obtained for a nonrotating plasma (w=0), be-
cause of the way T, depends on wd. It attains a
minimum value T'| =#y,/2ky for Aw; = —yy/2, just as
predicted by theories developed for free atoms or for

10 ,
d = 300 um
1t d=100 um
d =40 um
< 0l d=10 ]
um
! 001 p—d=3pm ]
4=0
0.001 | ]
0.0001 s s s :
—~100 -80 -60 —40 -20 0

Aw /21 (MHZ)

FIG. 2. Graph of the steady-state value of T, for *Be™*
[Y0=(27)19.4 MHz, A=313 nm] as a function of the laser fre-
quency detuning for several values of the spatial offset d. The
rotation frequency w/2m is 50 kHz. This calculation neglects
the finite beam radius and saturation of the optical transition.

Rew(X +iY)—uY Imw(X +iY)

+o (X —t)e "
dt
uf_w Y H(X—t)? ]

. (8)

[
atoms trapped in harmonic wells, where rotation does not
have to be considered."3*

We can give a simple explanation for the increase in T
as d increases. In the steady state, #k-v, averaged over
all photon-scattering events, must be negative, in order to
balance the 2R term in Eq. (2), which is positive. This is
done by making Aw; <0, so that, due to the Doppler
shift, there is a preference for ions to scatter photons
when k-v<0. However, for d >0, v,(max), the most
probable value of v,, is shifted to v, (max)=wd >0, so
that kv, (max) > 0. If the width of the v, distribution, due
to the finite value of T,, were narrow compared to
v, (max), this would tend to make the average value of
#ik'v positive. The steady state can come about only
when the velocity distribution is wide enough that there
is a significant probability for an ion to have #ik-v <0.
This corresponds to a higher value of T,.

Here we make a few remarks about the motion in the z
direction. This motion is affected by the recoil of the
photons emitted from the ions and by ion-ion collisions.
We have assumed that it eventually reaches a steady
state, at some T”, and that there is no additional source
of heating or cooling for the z motion. Then Eq. (4) con-
tains all of the contributions to dE /dt, since all of the
recoil energy is contained in the term #k-v-+2R, and
since the total energy of the ion plasma is conserved in
collisions between the ions. Thus Eq. (4) can be used to
derive the steady-state value of T, and this value does
not depend on the final value of 7).

B. Saturation effects

Equation (4) is valid only in the limit that the laser in-
tensity I is low. To generalize it to arbitrary intensity,
the expression for the average scattering rage [Eq. (3)] is
replaced by*’

_Toy (yp/2)
fwp [(y/2)+A%]

YL > (9)

where y is the power-broadened linewidth, given by

y=y,V1+2S . (10)

The saturation parameter S is related to the intensity by

TN=-4
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Iog,
FiwgY o -

As stated previously, we ignore the correlations be-
tween photon emissions of an ion, which result in photon
antibunching. In more sophisticated treatments of laser
cooling, which have not yet been applied to the Penning
trap, these correlations lead to a modification of the
diffusion constant which enters into the equation that de-
scribes the evolution of the distribution function of the

J

an

+w (fikv, +2R) exp[ — (v, —od }*/u?]
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jons.22=3 Javanainen® has shown that this correction to
the diffusion constant can affect the final temperature of
laser-cooled ions in a harmonic trap by as much as 20%
at high intensities. It has no effect in the limit of low in-
tensities. We do not include it here, since it would com-
plicate the calculations without greatly increasing the ac-
curacy.

Using the power-broadened line shape [Eq. (9] in place
of the low-intensity line shape [Eq. (3)], we find that the
average rate of energy change of an ion in the beam is

<d_E>_ Iogrs
dt

_ L,
Fopy? ) —e (1+[(2/7 N0y —wp—ku )P} Vu  F

(12)

Aside from an overall multiplicative factor, which does not affect the solution of the equation (dE /dt }(T,)=0, the
only difference between Eq. (12) and Eq. (4) is the replacement of the natural radiative linewidth y, by the power-

broadened linewidth y.

Figure 3 shows T, as a function of Aw, for several values of S. The other parameters are w/27=>50 kHz and d =50
um. The lowest temperature for a given frequency detuning is obtained by minimizing S.

C. Finite beam geometry

Up to now, the finite radius of the laser beam has been neglected. In this section we investigate its effect on the

steady-state temperature.

The average scattering rate at each point in the plasma depends on the intensity at that point through Eq. (9). Let
n(x,y,z) be the time-averaged density (ions per unit volume) at the point (x,y,z). Then the rate of change of the total

energy of the ion plasma is

dt

The linewidth ¢ is a function of position through its
dependence on I, and the fixed spatial offset d of Eq. (4) is
replaced by the position variable y.

In the following, we assume that the laser beam is
Gaussian, propagates in the X direction, and has its focus

at (x,y,z)=(0,d,0). We allow the beam radii w, and w,

T1(K)

OJ‘IOO —80 —60 —-40 —20 0
Aw| /27 (MHz)

FIG. 3. Graph of the steady-state value of T, for *Be* as a
function of the laser frequency detuning for several values of the
saturation parameter S. The rotation frequency w /27 is 50 kHz
and the spatial offset is 50 um. This calculation neglects the
finite beam radius.

dBu\_ 0arh phe pre cre s
e T N T T N

(fikv, +2R ) exp[ — (v, ~wy ) /u?]
(1+[2/y Nop —wp—kv ) P}V ruy?

(13)

f

in the radial (y) and axial (z) directions to be different,
since this was sometimes the case experimentally. The
intensity is then

Iy, z2)=Iqexp[—2(y —d )} /w}—2z/w}] (14)

where I,=2P /(mw,w,) and where P is the total power in
the beam. We neglect the variation of w, and w, with x,
since, in our experiments, it was small over the size of the
plasma. The confocal parameter b =7w?/A, which is the
distance from the focus at which the beam radius w
grows by a factor of V2, was typically much greater than
the radius of the plasma.

In a continuum model, at low temperatures, the densi-
ty of a non-neutral plasma is uniform, except for a region
on the outer surface whose thickness is on the order of
the Debye length.!® For a non-neutral plasma, the Debye
length is defined by'®

dmnyg?

1/2

(15)

where ng is the ion density and T is the temperature. For

the plasmas studied here, we had T <2 K and

ny>2X%107 ions’cm?® so that A, <20 um. Since the

plasmas studied typically had diameters greater than 500
TN-5
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pm, the density can be considered to be uniform. The
plasma is a spheroid, whose aspect ratio can be calculated
from ©.%'® It has been shown theoretically®® and recently
confirmed experimentally®® that, at very low tempera-
tures, ions in a Penning trap form concentric shells.
However, this spatial ordering should have little net
effect on the cooling and is ignored here. We assume that
J

dt ﬁwL

2
<dEt0t >= ZIOUOYOnO(rzl_dZ)l/Zf +oodyf+oodzf+
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the plasma has a uniform density n, inside a spheroid of
diameter 2r in the z=0 plane and axial extent 2z and
is zero otherwise.

We also assume that the beamwidth is small compared
to the plasma dimensions. With these approximations,
Eq. (13) is reduced to

“dv, exp[ —2(y —d)}/w2—2z%/w?]

% (#ikv, +2R ) exp[ — (v, —wy)?/u?]
(1+[2/7 o, —opy—kv, )P}V ruy?

(16)

Here, 2(r% —d?)!/? is the length over which the laser beam intersects the plasma. The v, integration can be expressed
in terms of the complex error function, leaving a two-dimensional integration to be done numerically:

Cl

<a!Ewt _ 2yogneVmkuY}
dt >—

2)4

X

Here, Y,=v/(2ku), X (y)=(w;, —wy—kwy)/(ku), and
Y(y,z)=v(y,z)/(2ku). For a given set of parameters, the
equation {dE,, /dt }(T,)=0 is solved for T,. For some
ranges of parameters, no solution can be found. This
occurs when d is too small relative to w), so that the
beam has too much intensity on the y <0 side of the plas-
ma.

Figure 4 shows T, as a function of Aw; for w/27r=50
kHz and for several values of d in the limit of low laser
intensity. The beam radii are given by w, =w, =50 pm.
The values of T, calculated from the simple theory of
Sec. II A are shown as dashed lines. The effect of the

T (K)

0.01
-100

-60 —40 -20 o]
Aw| /27 (MHZ)

FIG. 4. Graph of the steady-state value of T, for °Be™ as a
function of the laser frequency detuning for several values of d,
in the limit of low laser intensity (solid lines). The laser beam is
assumed to be Gaussian, with w, =w, =50 um. The rotation
frequency w/27 is 50 kHz. The results of the simple theory,
which neglects saturation of the optical transition and the finite

beam radius, are shown as dashed lines.

-80

(uX +wy+1k/m)

(ry —dz)l/zf_+:dy f_+:dz exp[ —2(y —d)z/wyz—Zzz/wzz]

Rew(X +iY)—Imw(X +iY)|. A7)
uY(y,z)

I

finite beamwidth is to reduce the effective value of d, re-
sulting in a lower value of T|. The effect decreases as d
increases. For this example, there is a range of values of
Aw; for which no solution of the equation
(dE,,, /dt )(T,)=0 can be found, when d is less than or
equal to about 30 um.

Figure 5 shows the same for a laser power of 50 uW,
which is a typical experimental value. This corresponds
to a saturation parameter at the center of the beam of
§=3.85. The effect of saturation is to increase T'|. This
can be seen by comparing the solid curves of Figs. 4 and
5.

HI. EXPERIMENT

For the most part, the experimental techniques have
been described previously.'*!> One exception is the abso-

10

T1(K)

0.1

0.01

-100 —60 —40 -20 0

Aw) /21 (MHz)

FIG. 5. The same as Fig. 4, except that the laser power is 50
uW. This corresponds to a saturation parameter S at the center
of the beam of 3.85.
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lute calibration of the laser frequency detuning from reso-
nance Aw; , which will therefore be described in some de-
tail.

The Penning trap has been described previously.!>!® It
was referred to as trap II in Ref. 15 and has characteris-
tic dimensions r;=0.417 cm and z;,=0.254 cm. The
operating parameters were B~1.42 T [cyclotron fre-
quency o,=~(27)2.42 MHz] and o,=(27)213 kHz
(ring-to-endcap voltage V,~1.5 V). The *Be™ ions were
loaded into the trap by ionizing neutral Be atoms, eva-
porated from a filament, with an electron beam. The
electrons and the neutral Be atoms entered the trap
through holes in the endcaps which were centered on the
trap symmetry axis.

Two cw single-mode dye lasers were used in the experi-
ment. Both were frequency doubled to 313 nm in a tem-
perature  phase-matched rubidium-dihydrogen-phos-
phate crystal. The two laser beams were directed though
the ion plasma, in opposite directions, perpendicular to
the magnetic field. The beams passed through 0.25-cm-
diam holes on opposite sides of the ring electrode. One of
the laser beams, with a power of approximately 50 uW at
313 nm, was used to cool the ions. The other laser beam,
which had much lower power at 313 nm (typically less
than 1 uW), was used as a probe, inducing changes in the
313-nm resonance fluorescence light from the cooling
beam, from which the temperature and rotation frequen-
cy could be derived.'*'> The backscattered resonance
fluorescence light in an f /6 cone centered on the cooling
beam was collected by a mirror (which had a hole to al-
low passage of the cooling beam) and focused by a system
of lenses onto a photomultiplier tube.

The beams were displaced laterally by lenses attached
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to micrometer-driven stages. The position of the cooling
beam relative to the center of the trap was determined by
monitoring the intensity transmitted through the trap as
the beam was cut off by the edges of the holes in the elec-
trode. The uncertainty in this determination was estimat-
ed to be about 13 um.

The average frequency of the laser beam used for cool-
ing was kept fixed to about 1 MHz by a servolock to a
saturated-absorption resonance in molecular iodine. The
laser frequency was modulated over a range of about 16
MHz (at 313 nm), in order to obtain the feedback signal
necessary for the lock. To simulate this frequency modu-
lation, an additional integration over Aw; could be per-
formed. This would improve the accuracy of the calcula-
tions only for small values of Aw, .

An optical double-resonance method described in de-
tail elsewhere!>!* was used to measure T,. The cooling
laser was tuned to the 2525, ,(m;=+23, m;=+1) to
2p 2Py, (m;=+3, m;=+3) transition, hereafter called
the cycling transition. This yielded a steady fluorescence
signal, since this excited-state sublevel always decayed
back to the same ground-state sublevel. The weak probe
laser was tuned to drive the depopulation transition from
the 2s2S,,(m;=+32, m;=+1) sublevel to the
2p 2Py 5(m; =3, m;=—1) sublevel, which decayed 2 of
the time to the 25 %S| ,(m;=+3, m; = — 1) ground-state
sublevel. This sublevel did not fluoresce, since it was far
from resonance with either laser. Population in the
2528, ,,(m;=+3, m;=—1) sublevel was transferred
back to the 2s%S,,(m;=+2, m;=+1) sublevel in
about 1 s by off-resonance optical pumping from the cool-
ing laser.'>!> The probe laser resonance was observed in

TABLE 1. Comparison of calculated and measured values of T, for perpendicular laser cooling of
Be* ina Penning trap, for experimentally determined parameters 0, d, Aw,, P, w,, and w,.

w/2m d Awy /27 P w, w, T\caic T | imeas

(kHz) (um) (MHz) (uW) (um) (um) (K) (K)

67.5 127 -29 30 24 24 3.023] 1.940.2

99.7 127 —44 49 82 31 2.0%49 1.60.3

65.7 127 —44 38 82 31 0.91333% 1.27+0.10
35.9 165 —178 30 24 24 0.821%:1¢ 0.96+0.11
36.7 165 —46 30 24 24 1.05333 0.96+0.11
36.3 165 —61 30 24 24 0.89192} 0.91+0.08
38.6 51 —13 30 24 24 0.6213%, 0.69+0.07
40.0 127 —46 30 24 24 0.77+928 0.61+0.05
32,6 127 —80 30 24 24 0.491%:40 0.55+0.05
35.9 127 —62 30 24 24 0.573%13 0.47+0.05
35.0 89 —29 30 24 24 0.48%3% 0.27+0.03
28.5 89 —63 30 24 24 0.2413-% 0.25+0.03
28.1 89 -79 30 24 24 0.25%3:% 0.21+0.03
31.0 89 —45 30 24 24 0.2913-39 0.20+0.02
29.2 76 —55 49 82 31 0.08713: 0.1340.04
23.1 76 —55 49 82 3t 0.075%9:53 0.11+0.05
21.6 51 -79 30 24 24 0.10073538 0.097+0.020
38.1 64 —44 38 82 31 0.04479:¢7 0.08540.009
29.4 76 —44 49 82 31 0.084+9.93% 0.081+0.011
23.8 51 —46 30 24 24 0.092198% 0.080+0.020
17.3 64 —44 38 82 31 0.03723913 0.04310.040
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the form of a decrease in the fluorescence from the cy-
cling transition as the probe laser was tuned in frequency.
The contribution to the width of this resonance from the
Doppler broadening was used to derive T,. The optical
double-resonance method has the advantage of not great-
ly perturbing the temperature of the plasma. The rota-
tion frequency ® was measured from the shift in the fre-
quency of the center of the depopulation resonance, due
to the Doppler shift, for a given translation of the probe
beam in the y direction.!> !>

The absolute calibration of the cooling laser detuning
Aw; was made by the following method. The magnetic
field was fixed at a particular NMR resonance frequency,
and the cooling laser was locked to the iodine signal. The
edges of the plasma were located with the probe beam by
finding the positions at which the double-resonance signal
disappeared.'>!> The probe beam was then positioned at
the center of the plasma and tuned to the cycling transi-
tion. At the center of the plasma, d =0, so the average
Doppler shift due to rotation is zero. The increase in
fluorescence as the probe laser was tuned across the cy-
cling transition was observed while the cooling laser kept
the plasma at a constant temperature. For this measure-
ment the cooling beam was chopped, and the fluorescence
was detected while it was off, in order to reduce the back-
ground. The probe laser was then tuned to the frequency
at which the peak of the cycling resonance occurred.
Some of the radiation from each of the two lasers was
combined on the surface of a silicon photodiode by means
of a beamsplitter. The beat frequency was measured with
a radio-frequency spectrum analyzer. This measurement
yielded the value of Aw; /27 with an uncertainty of
about 10 MHz (at 313 nm). The value of Aw; at other
magnetic fields could be calculated from the known Zee-
man shift of the resonance line.

IV. RESULTS

Table I summarizes the results of the measurements.
The values of T, calculated from the various experimen-
tal parameters are shown in the column labeled T ,..
They are in good agreement with the values of T, mea-
sured from the Doppler broadening of the optical double
resonance, which are shown in the column labeled T .
This agreement is maintained over a wide range of values
of d, w, and Aw;. The range of values of T, is from
about 0.04 K to about 2 K. All of the parameters that go
into the calculation are measured, rather than fitted. The
uncertainties in T, are due to the uncertainties in the
parameters o, d, Aw;, P, w,, and w,. In most cases, the
uncertainty in d of about 13 um makes the largest contri-
bution to the uncertainty in T, .. For small values of
Aw;, the uncertainty in Aw; of about (27)10 MHz
makes the largest contribution. The uncertainty in o of
about 5% and the uncertainties in P, w,, and w, of about
20% make relatively minor contributions. Figure 6 is a
scatter plot of the measured values T, ... versus the cal-
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FIG. 6. Scatter plot of measured values of T, (vertical axis)
vs calculated values of T (horizontal axis). The dashed line
corresponds to T | eas = T 1cale-

culated values T,.. The data points lie close to the
dashed line, which denotes the condition T'| e, =T | calc-

The observed values of T, are much higher (up to
three orders of magnitude) than those predicted by a
theory which does not take rotation into account (the
d =0 curve in Fig. 2). In order to obtain very low tem-
peratures, the cooling laser beam should not be perpen-
dicular to B. Low temperatures, approaching the
T in =%70/2kp limit, have been attained for °Be™ plas-
mas in Penning traps by supplementing perpendicular
cooling with cooling by a beam which was not perpendic-
ular to B.!*%

A possible configuration for obtaining the lowest possi-
ble temperatures is a combination of two laser beams, one
to cool the ions and the other to maintain the radial size
of the plasma. The strong cooling beam, with a frequen-
cy detuning Aw; = —%,/2, would be directed along the z
axis. If the power in this beam were not too high, then
Coulomb coupling between ions would ensure
T, =T =#yy/2kg. The second beam, in the x-y plane,
would be positioned to apply a torque to counteract the
radial expansion due to external torques and to photon
recoil from the cooling beam. The photon-scattering rate
from this beam could be made low enough so as not to
significantly affect the overall temperature.
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Laser Cooling to the Zero-Point Energy of Motion
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A single trapped "®Hg™* ion was cooled by scattering laser radiation that was tuned to the resolved
lower motional sideband of the narrow 2S,,2-2Dsp, transition. The different absorption strengths on the
upper and lower sidebands after cooling indicated that the ion was in the ground state of its confining

well approximately 95% of the time.

PACS numbers: 32.80.Pj, 32.30.Jc, 35.10.—d

The subject of laser cooling of ions and neutral atoms
is currently of great experimental and theoretical in-
terest.” It has been applied to high-resolution spectros-
copy, low-energy collisions, quantum jumps, and photon
antibunching.? In all cooling experiments done so far,
the oscillation frequency @, of the particle in its
confining well was less than the linewidth I of the cool-
ing transition. This condition also applies to free-atom
experiments, where w,— 0. The lowest temperatures T
have been obtained in recent free-atom experiments,>*
where kinetic energies near or below that corresponding
to the recoil of a single photon from an atom at rest have
been achieved (T=1 uK). In this Letter we report, for
the first time, laser cooling of a single bound atom in the
resolved sideband regime I'«w,. An ion has been
cooled so that it occupies the ground state of its
confining potential most of the time.

The idea of laser cooling in the resolved sideband re-
gime is as follows®: Let the rest frequency of the atom’s
cooling transition be @¢. If the atom oscillates at fre-
quency @, in its confining well, the atom’s absorption
and emission spectrum (as viewed in the laboratory) has
resolved components at wg and wo + ma, (m an integer).
If we irradiate the atom with narrow-band radiation
tuned to the first lower sideband at wo — @, the atom ab-
sorbs photons of frequency A (wo—,) and reemits pho-
tons of average energy hwo. Hence, on the average,
cach scattered photon reduces the atom’s vibrational en-
ergy by Aw,, or reduces the atom’s vibrational quantum
number n, by 1. In this way, we can obtain {n,) <1 and
have the atom most of its time in the ground-state level
of its confining potential.>®* When (n,)<1, T is no
longer proportional to {n,) but depends logarithmically’®
on {n,). The technique of sideband cooling has previous-
ly been applied to cool the magnetron motion of trapped
electrons with an rf electronic excitation of the axial
motion that was coupled to a cooled resistor.’ The final
temperature in this experiment was limited by thermal
excitation and the energy of the magnetron motion cor-
responded to (n,)>»1. In the experiments described
here, we achieve {(n,)<«1 by optical sideband cooling.
For our value of w,, T was about 50 uK. However, to
the extent that the particle is in the ground state of its

confining potential (about 95% of the time here) the fun-
damental limit of laser cooling for a confined particle has
been reached.

Our experiments were performed with a single '**Hg*
ion stored in a Paul (rf) trap'®!! which had @,/27=2.96
MHz (see Fig. 1). In order to optimize the cooling, a
two-stage process® was used. First, the ion was cooled to
near the Doppler cooling limit' (7 =AT/2kp, where kg
is the Boltzmann constant) by scattering light of wave-
length 194 nm on the strong 2S/2-2Py; transition [(4)
in Fig. 1(a)).'? At the Doppler cooling limit, {(n,) =12
(T=1.7 mK) for each degree of freedom.® In the next
stage of cooling, the 194-nm radiation was turned off
and the narrow 2S/,-2Ds; electric quadrupole transition
{(B) in Fig. 1 (a)] was driven on the first lower sideband
frequency wo—w,. Since the natural lifetime of the
D5, state limits the maximum scatter rate to approxi-
mately 3 T'(2Ds;) =6 photons/s,'®!* a cooling time of
at least 6 s is required to reach {n,)==0 for all degrees of
freedom. This time becomes even longer, or cooling is
prevented, if external heating is present. Therefore, in
order to enhance the sideband cooling rate, the lifetime
of the 2Ds; state was shortened by coupling it to the fast
decaying %P3, state by 398-nm radiation [(C) in Fig.
1(a)]. From the 2Py state, the ion has high probability

(b)

398 nm-—

281.5 nm—{)—~ &

Paul Trap/\/
194 nm
FIG. 1. (a) A simplified energy level scheme of Hg 11 show-
ing the optical transitions involved in our sideband cooling ex-
periment. (b) The geometrical arrangement of the laser
beams. The 194-nm fluorescence is detected normal to the

plane of the figure. Mirror M reflects 194-nm radiation while
transmitting 398-nm radiation.
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of rapidly decaying to the ground state. When {n,) <1,
a quantitative measurement of (n,) from the absorption
spectrum becomes very simple. The strength of absorp-
tion S; on the lower sideband is proportional to {(n,),
while the strength Sy of the upper sideband is propor-
tional to (n,)+ 1.8 When (n,) approaches zero, the lower
sideband disappears because no more vibrational quanta
can be extracted from the ion. If the sideband absorp-
tion spectrum is probed with saturating power, the ratio
of the strengths of lower to upper sidebands becomes in-
dependent of power'* and directly gives {(n,).

To simplify our discussion, we have assumed the trap
states and associated wave functions are those of a har-
monic potential which is equal to the classical pseudopo-
tential of the rf trap. In the quantum treatment of the rf
trap,'>1¢ the relevant states are not energy eigenstates
because of the time dependence of the potential. Howev-
er, when the trap drive frequency Q> w,, the atom’s op-
tical spectrum and transition matrix elements relevant
for cooling closely approximate those for a harmonic po-
tential equal to the classical pseudopotential. The states
which represent the cooled ion look like harmonic-
oscillator states whose dimensions oscillate with small
amplitude at frequency 0. These states are of the form
expl —iw,(n+ 3 )elf,(x,t) where the f, are periodic in
time with period 27/0.'¢

Our trap'®!"! (r9=466 um, z9==330 ym) was operat-
ed at a trapping field frequency Q/27=23.189 MHz.
With an rf peak voltage amplitude Vy==1.2 kV and a
static potential Up=+71.4 V applied to the ring elec-
trode, the trap potential was approximately spherical. In
order to cool all motional degrees of freedom to near the
Doppler cooling limit for the (A4) transition, two orthogo-
nal beams of 194-nm radiation, both at an angle of 55°
with respect to the trap symmetry (z) axis, were used
(Fig. 1). The radiation to drive the (B) transition was
derived from a frequency stabilized dye laser (A =563
nm) with a linewidth less than 20 kHz. The output radi-
ation from this narrow-band laser was frequency doubled
and focused to as much as 25 W/cm? at the position of
the ion; this allows strong saturation on the cooling tran-
sition. The radiation to drive the (C) transition was de-
rived from a frequency stabilized LD 700 dye laser
whose output radiation was frequency doubled and fo-
cused to give approximately 1 mW/cm? at the position of
the ion.

Before the sideband cooling experiment was started,
an absorption spectrum of the (B) transition was taken'’
to determine the carrier frequency as well as the side-
band frequencies (inset Fig. 2). We made sure that the
282-nm source had equal power at both the upper and
lower sideband frequencies. For the sideband cooling
and the probing of the absorption spectrum, the follow-
ing computer-controlled sequence was run repeatedly.
First, the 398- and 194-nm radiation were turned on
simultaneously for a 20-ms interrogation period. If the
194-nm fluorescence exceeded a preset value during this
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FIG. 2. Absorption spectrum of the 2S1/-2Ds; electric
quadruple transition of '"**Hg*. The inset spectrum was taken
before sideband cooling was applied. It shows the carrier at
zero detuning (frequency wo) and the first sidebands (at fre-
quencies wo — w, and wo+ w,) generated by the ion’s motion in
the approximately spherical well. For this spectrum, the band-
width of the 282-nm radiation was broadened to 120 kHz to
reduce the number of required data points and the laser power
was reduced in order to avoid saturation. The enlarged part of
the figure shows the absorption strength S; (Sy) on the lower
(upper) motional sideband 15 ms after the end of the sideband
cooling. Values for S¢ and Sy were obtained from Gaussian
fits to the data points which are averaged over 41 sweeps.

period, it could be assumed that the ion was laser cooled
and cycling between the S/, and the 2P/, states. This
20-ms interrogation period was repeated until this condi-
tion was satisfied. Then the 194-nm radiation was
switched off and the 282-nm radiation, tuned to the first
lower sideband at wg— w,, was switched on for a cooling
time 7. (typically 200-500 ms). After the 282-nm radi-
ation was switched off, the 398-nm radiation was kept on
for a relaxation time 7, (typically 5 ms) in order to emp-
ty the 2Dsy, state. After this, the cooled ion was in the
electronic ground state and the probing of the absorption
spectrum was done as follows: The 282-nm source was
switched on at saturating intensity for 10 ms at a fre-
quency corresponding to one point near the upper or
lower sideband frequency. After this, the 282-nm beam
was switched off and the 194-nm radiation was switched
on to see if the ion had made the transition to the 2Ds/,
state.!! The result was averaged with the results of pre-
vious measurements at the same probe frequency. The
frequency of the 282-nm source was stepped to the next
value and the cooling and probing cycle was repeated un-
til about 40 cycles for each value of the probe frequency
were completed. The results of a typical run are shown
in Fig. 2. :

In order to deduce (n,) for the different motional de-
grees of freedom, the geometry of our experiment (Fig.
1) has to be considered. The 282-nm beam enters the
trap at an angle of 55° with respect to the z axis. The x
and y directions were previously determined by the fixed
spatial alignment of two simultaneously stored ions,'’
which we take to be along the x axis. From these data,
the squares of the projections p; of unit vectors along the
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trap axes onto the 282-nm beam axis are calculated to be
p2=0.03, p}=0.64, and p2=0.33. Since we make the
differences between the x, y, and z frequencies bigger
than 1/z., all directions are cooled simultaneously.?
However, in the analysis, we assume that the probing ab-
sorption strength is due only to the ion’s motion in the y
and z directions. Since the x axis is nearly perpendicular
to the 282-nm beam, no meaningful statement abut the
energy in this degree of freedom can be made. By
neglecting the contribution of the x motion to the side-
band strength we overestimate {n,) for the y and z direc-
tions. In order to deduce {n,) for the y and z oscillations
from our data (Fig. 2), an assumption about the energy
distribution between the two directions has to be made.
If we assume temperature equilibrium between the y and
z degrees of freedom, both contain an energy correspond-
ing to (n,)=(1~S./Sy) ~12—1=0.051+0.012 quan-
ta. Therefore, for the y and z degrees of freedom, the
ion is in the n, =0 state 95% of the time. The corre-
sponding temperature given by® kzT =he,/In(1+1/
{n,)) is T=47 %3 uK. For any other energy partition,
{(n,) and T for one degree of freedom would be less than
these values. Independent of the energy distribution, for
both degrees of freedom the temperature is much lower
than the 194-nm Doppler cooling limit and the ion
spends most of its time in the harmonic-oscillator
ground-state level.

The theoretical sideband cooling limit® gives a value of
(n,>==10"%. However, since the probing in the experi-
ment is done at saturating power, the measured {n,) cor-
responds to the energy of the ion at the end of the prob-
ing interval, which is typically 15 ms after the end of the
sideband cooling, and external heating might have oc-
curred. In order to check for external heating processes,
we extended 7, up to 100 ms and measured S;/Sy as a
function of 7,. We determined a heating rate (due ap-
parently to pickup of stray noise fields at radio frequen-
cies) of (n,)==6/s. If we assume the heating is due to
thermalization of the ion to room temperature by noise
at frequency w,, the heating time constant is 95 h.'®
This rate varied slightly with , around w, =3 MHz,
but was substantially higher for @, $2.5 MHz. From
these heating data, the measured {n,) is consistent with
the theoretical limit at the end of the sideband cooling
period. We also measured (n,) for a single degree of
freedom directly by changing Uy to —25 V in order to
split the radial and axial sideband frequencies. The
282-nm radiation was tuned so that only the first axial
sideband at @,/2x*=4.66 MHz was cooled and probed.
From the results, shown in Fig. 3, we calculate (n,)
=0.049 +0.045 at the end of the cooling period, con-
sistent with the theoretical cooling limit. The
confinement of the axial motion is given by the spread of
the zero-point wave function z(rms) = 2.4 nm.

For our data, the uncertainty in the second-order
Doppler shift is dominated by the uncertainty in {n,) and
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“FIG. 3. Vibrational quantum number (n,) for the axial
motion (0./2x=4.66 MHz) as a function of time delay be-
tween the end of the sideband cooling and probing. A linear
extrapolation of the data points (circles) to zero delay time
yields {n,) (triangle) consistent with the theoretical expecta-
tion.

amounts to Av/v < 10 "2 (Ref. 8). It can be made sub-
stantially lower by adiabatically lowering the potential
well depth after the ion is cooled into the ground state.
With our experiment, the absorption of a single quantum
of energy at a (tunable) frequency in the MHz range
can be detected with an efficiency of nearly 100%. With
appropriate coupling to the ion’s motion (for example,
via one of the endcaps), a similar apparatus could serve
as a very sensitive spectrum analyzer. In another possi-
ble application, the motion of a trapped charged particle
could be damped by coupling it electronically'® to a
second laser-cooled ion in a separate trap, thereby reduc-
ing the first charged particle’s kinetic energy to near the
zero-point energy. Resonant excitation of the first
particle’s motion could then be detected very sensitively
by its influence on the laser-cooled ion. Such a device
might be useful in mass spectroscopy.

In summary, we have realized laser cooling in the
resolved sideband regime for the first time. The kinetic
energy of a trapped atomic ion was reduced to a value
where it spent most of its time in the ground-state level
of its confining well. To the extent that the ion is in the
zero-point energy state of motion, this realizes for the
first time the fundamental limit of laser cooling for a
bound particle and the ideal of an isolated atomic parti-
cle at rest to within the quantum-mechanical limits im-
posed by the surrounding apparatus.
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A single trapped ion, laser cooled into its quantum ground state of motion, may be used as a
very-low-temperature detector of radio-frequency signals applied to the trap end caps. If the signal
source is a resonant oscillator of sufficiently high Q, the source may also be placed in its quantum
ground state by coupling to the ion. Parametric couplings may be used to cool and detect source
modes other than the mode directly coupled to the ion. A theoretical analysis of these cooling and
detection processes is presented, and as an example, their application to single trapped electron and
proton spectroscopy is examined. Squeezing and low noise detection of one quadrature component
of the source oscillation are also discussed. The techniques discussed here may lead to radio-
frequency measurements of improved accuracy and sensitivity. Cooling and detection of vibrations

of macroscopic oscillators also appear possible.

I. INTRODUCTION

Frequently, measurements depend on the detection of
weak signals at radio frequencies. An example to be dis-
cussed in this paper is the detection of rf currents in pick-
up electrodes induced by charged-particle motion. Weak
signals must first be amplified to detectable levels. This
amplification may be linear, in which case the fundamen-
tal limit to signal detection is set by zero-point fluctua-
tions.!”>  Alternatively, signals may be amplified by
“quantum multiplication,” in which an absorbed quan-
tum from the signal-carrying field generates a detectable
number of secondary quanta, such as occurs in a pho-
tomultiplier tube. In measurements using quantum mul-
tiplication,’~’ there is no fundamental lower limit on
noise power. However, the signal acquires shot noise
since the absorbed energy is quantized; moreover, phase
information is lost.

At radio frequencies, sensitivity at the quantum level
cannot be achieved with present techniques. That is,
linear rf amplifiers add noise far in excess of the
quantum-mechanical minimum;! > also, “quantum multi-
pliers” capable of detecting single rf quanta cannot be
constructed with conventional techniques. Essentially,
this is due to the smallness of #iw /ky (48 uK at w/2m=1
MHz), and to coupling of dissipative elements in the
amplifier to thermal reservoirs of temperature
T >>#iw/kg, which introduces excess thermal noise.
Here, 27 is Planck’s constant, w is the signal-carrier fre-
quency, and kjp is Boltzmann’s constant. The best results
have been obtained with a superconducting quantum in-
terference  device®®  (SQUID) and  field-effect-
transistor'®!! (FET) amplifiers, both of which exhibit
effective noise temperatures'™®> T.x>0.1 K>>#w/kg,
that preclude quantum-limited sensitivity.

In order to improve the performance of rf amplifiers,
circuit elements with much lower dissipation and noise
temperature are required. Such low temperature and dis-
sipation may be achieved in the motion of laser-cooled
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trapped ions. Recently, a single Hg" ion harmonically
bound in an rf Paul trap'*!3 has been laser cooled to an
extent where it spends most of its time in its zero-point
(ground) state of motion.'* (Although this cooling was
demonstrated only for two degrees of freedom of the ion’s
motion, it can straightforwardly be extended to all three
degrees of freedom.) As a by-product of this experiment,
single rf quanta absorbed by the ion could be detected
with high efficiency. In this paper, we further examine
how such a laser-cooled ion can function as a sensitive
detector of rf signals applied to the trap electrodes. We
examine detection based on both linear amplification and
quantum multiplication. For ions which are cooled to
temperatures less than #iw /k g, sensitivity at the quantum
level may be achieved.

For such a detector to be useful, the signal source must
also have a low noise temperature. Most rf sources do
not satisfy this condition, but a source consisting of a res-
onant oscillator mode of very high Q can be cooled to a
very low temperature by coupling to the ion. Examples
of such resonant source modes might include modes of a
bulk wave resonator such as a piezoelectric crystal, elec-
tromagnetic cavity or tuned circuit modes, or an ion
confined in another trap. We also show that parametric
couplings may be used to cool and detect source modes
other than the mode directly coupled to the ion. This
may be useful if the desired source mode is not easily cou-
pled out electrically or has a much higher or lower fre-
quency than is convenient to match to the ion’s frequen-
cy.

Since most rf signals are contaminated by noise far in
excess of the quantum-mechanical minimum, we envision
the primary applications of these ideas to be the cooling
and detection of small excitations of such high-Q oscilla-
tors. There are at least two situations in which this is
useful. First, the oscillator may be driven by a classical
field that is strong (containing many quanta per mode)
but couples very weakly to the oscillator. Such couplings
might include gravity waves,'””!7 or other weak
forces.!®!® Second, it may be that a precise measurement
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of the source oscillator’s frequency is desired, and that
large amplitudes are undesirable because of anharmonic
frequency shifts.

When the source mode is the harmonic oscillation of
an ion or ions in a separate trap, this technique of “cou-
pled traps” can provide another means to extend laser
cooling to ions which cannot be directly laser cooled. Al-
though sympathetic laser cooling'® has been successfully
applied to ions of the same charge in a Penning trap'>?°
and to small numbers of ions in a Paul trap,?"** the cou-
pled trap configuration has the potential advantage that
the coupling between different ion species can be easily
turned on and off (by changing the resonant mode fre-
quencies) and therefore perturbations between ion species
can be avoided.

An interesting application of these ideas may be the
cooling and detection of excitations of a single electron or
proton (or their antiparticles) confined in an ion trap. We
show that these particles can be placed in their
quantum-mechanical ground state, and single-quantum
excitations to any of the particle’s degrees of freedom
detected. In addition to the aesthetic appeal of finding
such a particle in its ground state, this dramatically
reduces perturbations to the particle’s frequencies of
motion.”*-?" This has important implications for the
measurement of the electron g factor,?>?’ electron-
positron g-factor ratio?’ and mass ratio,®® proton-
antiproton mass ratio,?’ and mass ratios of other ions.?>2
In addition, a high-precision determination of the proton
g factor (and proton-antiproton g-factor ratio) should be
possible with use of this technique; this measurement is
very difficult with already proven techniques.

It should also be possible to parametrically drive the
ion’s motion, resulting in noise-free linear amplification*
of one of its quadrature amplitudes. Thus, if a signal is
present in this quadrature, it can be detected with no
added noise. In addition, it should be possible to prepare
the laser-cooled ion in a squeezed state*3°~*? by a nonadi-
abatic change in the ion trap potential or by a parametric
drive. A source consisting of a high-Q oscillator mode
may then also be prepared in a squeezed state by coupling
to the ion. Thus one of the source mode’s quadrature
amplitudes may be detected with extremely low noise,
limited only by the initial degree of squeezing of the ion.

Because this system is conceptually simple, it could
serve as a useful paradigm for quantum measurements.
Certain concepts, such as squeezing, can be readily visu-
alized. As a practical matter, we think that these ideas
will enable rf measurements to be made with improved
accuracy and sensitivity.

This paper is organized as follows. In Sec. II, we begin
by discussing signal detection by a single ion, in the
simplified case in which the ion trap is driven by a volt-
age source with added thermal noise. We discuss the
detection of a single rf quantum by laser sideband cooling
and detection of the ion’s motion, and derive expressions
for the number of signal-induced and thermally induced
quanta. In Sec. III, we extend these results to the case in
which the signal source is a high-Q oscillator, showing
that cooling and detection at nearly the quantum limit
may be achieved by coupling to the ion. Cooling and
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detection of source modes other than the one directly
coupled to the ion via parametric couplings is discussed
in Sec. IV. The technique of ‘“coupled-trap spectrosco-
py,” in which the laser-cooled ion is used to cool and
detect excitations of a charged particle in a second trap,
is introduced in Sec. V. Linear amplification and squeez-
ing of the ion or source oscillator’s motion is discussed in
Sec. VI. We conclude in Sec. VII.

In Appendices A-C, we further examine the experi-
mental possibilities. A technique for single-quantum
detection using Raman transitions is discussed in Appen-
dix A. This technique allows the laser sideband cooling
and detection method to be extended to low-mass ions
such as *Be’. This increases the coupling between the
source oscillator and the ion, since low-mass ions couple
more strongly than high-mass ions. In Appendix B, we
analyze an experiment to cool and detect excitations of
an electron in a Penning trap with the coupled-trap
method. Finally, in Appendix C we examine continuous
cooling and the possibility of cooling a mode of a quartz-
crystal oscillator.

II. SENSITIVE SIGNAL DETECTION
BY A SINGLE ION

We first consider the simplified case in which the ion is
driven by a source with purely resistive impedance, as il-
lustrated in Fig. 1. A single ion of charge g; and mass m;
is confined in a rf trap or Penning trap'>!323%?7 of end-
cap separation d;. For brevity, we consider the detection
of a signal by its influence on the ion’s motion along the
trap symmetry (z) axis. Similar considerations would ap-
ply for detection with motion in the x-y plane using a
split-ring electrode. The trapping potential along the z
axis is assumed to be harmonic and results in an ion axial
oscillation frequency w;. We model the source as a volt-
age source u,, with dissipation in the source represented
by a series resistance R at temperature T,. Associated
with the source resistance is a noise voltage source u,,.
We also assume that the amplitude and phase of the
source u; is classically well defined, but that the source
excites the ion only weakly. This will be a valid assump-
tion if u, is applied for a very short time or is derived

(@) (b)
Rs R, .
; > endcap —Cr
Uns (lji s ion
) endcap Uns ¢
Us
w | ]

FIG. 1. (a) Single trapped ion driven by a signal source at-
tached to the trap end caps. For simplicity the ring electrode of
the ion trap is not shown. (b) Electrical equivalent circuit of the
arrangement in (a), where the trapped ion is represented as a
series /;c; circuit in parallel with the end cap-to—end cap ca-
pacitance C; (Ref. 34).
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from a classically strong source which couples very weak-
ly to the ion (due to shielding, for example).

The ion’s charge is coupled to the electrical circuit of
Fig. 1(a) via the image charges it generates in the end
caps. This induced charge is given by3>3*

ind — FiiZi

4 —di ) (1)
where z; is the axial displacement of the ion from its equi-
librium position, a; is a geometrical factor of order unity,
and we have assumed the rf wavelength is much larger
than the trap dimension. (A voltage V applied across the
trap end caps generates an electric field ;¥ /d; at the
ion. For traps with hyperbollc shaped electrodes
a;~0.8.%) Because the ion is harmonically bound, it can
be shown that the ion and its image current are electrical-
ly equivalent to a series /;c; circuit which shunts the end
caps,>* with

L=mJd;/a;q; 2,
=((l)lzl, )_1

(2a)
(2b)

Additional forces on the ion from the induced charge g™
are assumed to be negligible.** The circuit of Fig. 1(a) is
therefore electrically equivalent to that shown in Fig.
1(b), where Cr is the capacitance between the trap end
caps. The effect of the trap capacitance can be neglected
if R, <<(w;Cy)~!; we assume that this is the case in the
remainder of this section.

Neglecting the trap capacitance Cy, the circuit of Fig.
1(b) is a driven simple harmonic oscillator, with the resis-
tance R, and noise source u,, representing the coupling
of the circuit to some thermal reservoir. The behavior of
such a damped oscillator is described quantum mechani-
cally by3¢

¢ l(l)i 2 i fn t | fs t ) a
dt 1o 2 i f " f fs

where @ T and @, are the creation and annihilation opera-
tors for a quantum of oscillation; they are related to the
charge ¢ i™ on the capacitor ¢; by

172
A

=57 (@!+a,). @)

Here ¥ =R, /I; is the damping rate for the osc111ator, and
f R(t)and f T(t ) are noise operators, which satisfy3®

(F,an=(fltun=o, 5
(FYanf () =yasie,—t,), (6a)
(£ aNf ) =ym+1)8(1,—1,) (6b)

where the brackets denote an average over the thermal
reservoir states, and

1

eﬁ‘”i/kBTs_l

n= (7
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is the number of quanta in the circuit in thermal equilib-
rium. The effect of the noise voltage source u,, is includ-
ed via the terms f (t) and f, t(t). The drive is included
via the term f (¢), which is assumed to be classical.
For the case of a resonant drive of the form u;
=Re(usoe—m"t),

fo=iuge "“(8fiw,l)" V2 .

From Eq. (3a), we find that
—(iw;+7/2t

a;(1)=a,(0)e
[N
+ [ a0+ £l

and the corresponding conjugate equation for @ T
For simplicity, we assume that u is a resonant pulse of
duration f,,. We find that

—tio; +y/21,,

—liw;+y /20t —1)
Udt,, (8

a,(t,,)=a,0)e

Im —liw, +y/2)0t, ~1,)
+f 1)8 ! m ! dtl

—l'a),.tm( 1— —yt,,/2)

(Zﬁw,’yzl,‘ )1/2

)

iugge

9)

From Eq. (9) we see that the oscillator’s amplitude con-
tains a term proportional to the drive amplitude u,.
This amplitude contribution may be detected directly by
a linear parametric amplification technique discussed in
Sec. VL

Alternatively, we may detect the absorbed vibrational
quanta. We find that the mean number of quanta
(#;)=(2!a,) in the circuit at time t,, is given by

(A1, =(A,00))e "m+A(1—e ")
I“solz

+——(1=
2w v,

_th/z)z , (]()a)

where we have neglected possible coherence of the initial
state; that is, we assume that {@(0))=(2 '(0))=0. The
three terms on the right-hand side of Eq. (IOa) describe
the decay of initial quanta stored in the circuit, the build-
up of “blackbody” quanta in the circuit, and the buildup
of “signal” quanta. Fort, <<y},

|“so'2t3:

—om 10b
8%, 1, (106)

(A (t,)) =(7;(0)) +ynt, +
Single-quantum excitations in the circuit representing
the ion’s motion may be detected via the method outlined
in Refs. 14 and 37 and as illustrated in Fig. 2. To sum-
marize the method, we first assume that the ion’s internal
structure has a ground state |g ) which is weakly coupled
to an excited state |w ), which slowly decays to |g) at a
rate y,,. Also, |g) is strongly coupled to an excited state
|s ), which rapidly decays to |g ) at a rate y,>>y,. We
assume that y, <<®;, so that the combined internal-
translational quantum states of the ion for levels |g ) and
|w) consist of well-resolved ladders of states |g,n;) and
|w,n;), with n,=0,1,2,.... We also assume that
R <<fiw;, where R =(#ik )?/2m is the recoil energy, with
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lg> n; =1 %
ni=0

FIG. 2. Sideband cooling and detection of a single trapped
ion. The sideband cooling laser (1) is tuned to the first lower
sideband of the |g)—|w) transition and primarily induces
transitions of the type |g,n; ) — |w,n;—1). The detection laser
(3) primarily induces transitions of the form |g,n; ) —1s,n;) Ob-
servation of the absence of fluorescence from this transition in-
dicates that the ion is in the |w) state. (Dehmelt’s electron
shelving scheme, Ref. 7.)

k the wave number of the weak transition. The ion is
cooled by tuning a laser to the first lower sideband at
©, —®;, where @, is the |g) —|w ) transition frequen-
cy of an atom held at rest. This induces An; = —1 transi-
tions in the ion, with spontaneous decays back to level
lg) occurring predominantly with An;=0. The ion is
therefore optically pumped down the ladder of states un-
til it reaches n;, =0 with high probability, at which point
it interacts very weakly with the laser.’’-3% A more de-
tailed analysis of the sideband cooling process leads to a
limit on (n,(0))=fy2 /w?, where f is a constant of or-
der unity.}’38

Single-quantum  excitations from |g,n;=0) to
lg,n,=1) may be detected by first applying a 7 pulse*® of
radiation to the |g,n;=1) to |w,n;=0) transition. If the
ion was initially in the |g,n;=1) state, it is therefore
transferred to the excited state |w ), where it remains for
a time of order y_ . If it was initially in the |g,n;=0)
state, it remains in the state |g ).'*3" Then a strong pulse
of radiation is applied on the |g )<»>|s) transition of dura-
tion t; such that y !<<t,<<y_'. During this time,
many photons are scattered and detected if the ion was
initially in |g,n,=0). If it was initially in the state
lg,n;=1), it remains in the state |w ) during the time ¢,
and scatters no photons. High sensitivity of detection of
the |w ) state is achieved because of the absence of many
scattered photons during the time ¢,. This is an example
of the quantum multiplication provided by *“electron
shelving” of the ion.”*!-* This sideband cooling and
detection scheme has recently been demonstrated experi-
mentally.' (The work of Ref. 14 differs slightly in that
the 7 pulses on the lg,n,=1) to |w,n;=0) transition
were not used.)

For this single-quantum detection method to be useful,
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it is necessary to avoid saturating the detector with
thermally induced quanta. Since typically A >> 1, this im-
plies that we must have y¢,, <1/f <<1. In this case, the
signal-to-background ratio is

S

B

nS
=, (11)
(R;(0)) +ny,

where n,=|uyl’t? /8%w;l; and n,=vy#t,. The noise
will be due to fluctuations (shot noise) in the number of
either the signal or background quanta. For example, as-
sume that (£,(0)}, n,, <<n, << 1. Then the noise is dom-
inated by the shot noise of the signal. After N measure-
ment cycles, on the average we detect Nn, excitations to
n; =1, where the rms fluctuations in this number are
given by [Nn(1—n.)}'/2~(Nn,)!"/2. Therefore the
signal-to-noise ratio after N measurements is
(S/N)y=(Nny)"”>. We note that this shot-noise limita-
tion may be overcome by using the parametric
amplification techniques discussed in Sec. VI.

If ny(t,)>1 or nJt,)>1, it may be desirable to
reduce the interaction time to a time ¢,,, such that
n,(t,, ) <<1and n(t,, ) <1, although this reduces the ra-
tio n, /n, by the factor ¢,, /t,,. Alternatively, it may be
desirable to consider methods to detect final states with
(n;(t,,)) >>1. One method would be to monitor a de-
crease in fluorescence from the ion due to increased
Doppler broadening or to reduced spatial overlap with
the exciting laser beam.?

Although for simplicity we have considered the ion to
be directly driven by a signal source, similar considera-
tions hold when a separate high-Q oscillator is driven by
an oscillatory signal and the resulting excitation
transferred to the ion for detection, as will be discussed in
Sec. III. In this case, the buildup of excitation in the
separate oscillator is also described by Egs. (3)-(10),
where ¥ and 7 now refer to the damping rate and equilib-
rium number of thermal quanta of the oscillator, and we
replace /; by the oscillator’s effective inductance /;. The
oscillating drive need not be electromagnetic; the exam-
ple of a piezoelectric crystal is discussed in Appendix C.
The use of such high-Q oscillators as sensitive detectors
of oscillating forces has been discussed in Refs. 15-18.

II1. REFRIGERATION AND SENSITIVE DETECTION
OF EXCITATION IN A SECOND RESONANT SYSTEM
In this section, we consider a source consisting of a sin-
gle oscillator mode of sufficiently high Q, such that
damping into external reservoirs may be neglected over
times of interest. In this case, the source and laser-cooled
ion behave simply as a pair of coupled oscillators, and, in
the weak damping limit considered here, oscillatory ex-
change of energy between the two oscillators may be ex-
pected. Under these conditions, the ion itself may be
used to both cool and detect excitations in the source.
This process may be modeled by the equivalent circuit
shown in Fig. 3. As before, /; and c; are the effective in-
ductance and capacitance of the trapped ion. The source
oscillator may be modeled by a series /.c, circuit, with
resonant frequency w,=(l,c,)”!/2 Any parallel source
reactance may be included in the capacitance C. In gen-
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Us

FIG. 3. Equivalent circuit for a single trapped ion coupled to
a particular mode of a source oscillator represented by a series
I, ¢, circuit.

eral, the source oscillator will in turn be driven by a sig-
nal represented here by the voltage source u,; for the mo-
ment, we assume that u, =0.

The Hamiltonian for the circuit of Fig. 3 may be writ-
ten as

H=%o,(@a,+ ) +A0l@]a,+ 1)+ (mm) %R %,
(12)
where
gl=(1,c:)"172 (13)

c;=chT/(cj+CT), w}=(ljc;)_1/2, with j =s or i, and it
is assumed that the total charge in the circuit is zero. As
usual, we define operators p; and X; in terms of the rais-
ing and lowering operators for oscillator j:

# 172
2= |—| @l+ap, (14a)
2m;w;
P 172
m.a;
=i 21 J (aj.—aj). (14b)

The “mass” m; is related to the charge ¢ ij"d on the capa-
citor ¢; by 9 °=(m; /1, N2z ;- (For an ion’s axial oscilla-
tion, m; =m,; is the ion mass.) The Heisenberg equations

of motion for X; with the Hamiltonian of Eq. (12) are

d*x m, |'*
S 1\2a i A
" +w, )%, =—g* r R (15a)
d’%; m, |
dt2’ +(w) )%, =—g? m: x5 . (15b)

The general solution to Egs. (15) is oscillatory, with fre-
quencies @ given by

0% = 4(@) P+ (0] ] [(0] P (@] 2T+ 4g4) /2 .
(16)

We focus here on the case (|0} —w!|3)'? <«<g <w},0),
where 8=(w, +w_)/2~0;~w;. The solutions of Egs.
(15) become

2981
oy A _— ﬁs . —_
X,()=|X,(0) cos(@t )+ —— sin(@t) | cos(we,t)
m,@
p;(0)
+ [ =2,(0) sin(@1)+ —— cos(@t)
m;®
172
X m— sin(wg,t) , (17a)
s
o e |o _.,, B
X, (t)= |X;(0) cos(@t )+ —— sin(@t) | cos(w,,t)
ps(0)
+ —QS(O)sin((Bt)+ps — cos(@t)
m,o
172
mS .
X [m—] sin(wg,t) , (17b)
i
where
L ) cie) ! (182)
Ou=Ho, ~—0_)= e , a
T 2Cy 2(1,1)'*Cy
and where we define
te, =720, =mo(,1)?Cy . (18b)

Equations (17) describe an oscillatory exchange of exci-
tation between the two oscillators. In particular, for time
t <<t,, we find that

o o B0
X, (£)=Xx(0) cos(@t)+ ——sin(@t) , (19a)
m.o
- . p:(0) |
X (t)=X;(0) cos(@t )+ —— sin(@t) . {(19b)
miCl)
Whereas, for times |t —¢,,| <<t,,, we find that
172
X (t)= e %,(0) cos |@t + =
Y, ! 2
p:(0)
+P' sin |@t + — ] , (20a)
m;& 2
m. 172
()= [Ij] %,(0)cos cT)t+—721
p.(0)
+ps sin |@t+ < (20b)
m,® 2

~

At time ¢=t1,,, the X; operators have exactly inter-
changed values, apart from an amplitude factor and
phase shift of 7/2. Further, the p; operators have also
interchanged values, apart from an amplitude factor and
identical phase shift. It then follows that at time ¢ ~1,,
the source and ion oscillators have exactly interchanged
wave functions, apart from a phase shift of #/2. (This
may be proved explicitly in the Schrodinger picture.)
This oscillatory exchange between the two oscillators
suggests the following scheme for cooling the signal
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source, as illustrated in Fig. 4(a). The coupling between
the two oscillators may be switched on and off by rapidly
(compared with ¢, ) switching the resonant frequencies of
the ion oscillator on or off resonance with the source os-
cillator. Initially both ion and source are assumed to be
hot ({n,),{n;)>>1) [Fig. 4(a) (1)]. First, with the oscil-
lators decoupled, the ion is cooled to the zero-point state
using sideband cooling [Fig. 4(a) (ii}]. The cooling laser is
then turned off, and the ion and source coupling is
switched on for a time ¢.,, at which time the ion’s zero-

(@)

source

) ()

sideband

cooling
EF laser

£ e

(iii) energy

é exchange

0.0

(iv)

sideband

cooling
? laser
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point state has been transferred to the source [Fig. 4(a)
(iii)]. Finally, at ¢t =¢_, the coupling is switched off, and
the ion is again cooled to the zero-point state, leaving
both ion and source in the ground state [Fig. 4{a) (iv)].
Because the oscillators may be anharmonic, this may take
several such cooling cycles depending on the initial values
of {n,) and (n,).

The same idea may be used to detect single-quantum
excitations to the source oscillator, as illustrated, in Fig.
4(b). The source and ion are initially cooled into the

(b)

source ion

system
initialized

_'D

single
quantum
excitation

EF of source

St
5

= =

(i) o

'f: energy
— exchange
~—
sideband
. cooling
(lV) ° and
® detection
detector

FIG. 4. (a) Cooling of a source to the zero-point state by exchange of energy with an ion which has been laser cooled to the zero-

point state. (b) Detecting single-quantum excitations of the source.

TN-19



42 QUANTUM-LIMITED COOLING AND DETECTION OF RADIO-. ..

zero-point state with the coupling turned off, as in Fig.
4(b) (i). We suppose that the external drive u, is applied
to the source oscillator, which puts at least one quantum
of energy into its motion [Fig. 4(b) (ii)]. Then the source
and ion are recoupled for a time ¢, resulting in the
transfer of the source excitation to the ion {Fig. 4(b) (iii)].
Finally, the excitation of the ion is probed using the side-
band method [Fig. 4(b) (iv)].

It should be emphasized that if the signal 4 is continu-
ous and monochromatic, the signal-to-noise ratio is max-
imized when the source oscillator is driven for times of
the order of its relaxation time [see Egs. (10)]. Then, the
source oscillator is contaminated by thermal noise at its
equilibrium temperature T, and the single-quantum
detection technique is not useful. However, this tech-
nique should be of advantage whenever the bandwidth of
the drive signal is large compared with the source oscilla-
tor damping rate. For example, the signal incident on a
resonant gravity wave detector may consist of finite dura-
tion pulses, rather than a steady drive.!>!® This tech-
nique should also be useful when the signal energy comes
from a spin system, which can store only a finite number
of quanta (see Sec. V). In each of these cases, the signal-
to-noise ratio can be increased by detecting the driven
source oscillator’s energy against a much lower thermal
background.

An additional consideration is that a large source ener-
gy may introduce undesirable perturbations to the
source. An example, to be discussed further in Sec. V, is
the measurement of the cyclotron frequency of a second
trapped particle. Most of the important perturbations to
the cyclotron frequency, such as anharmonic and relativ-
istic shifts, scale in proportion to the particle energy.
Thus, even though a large signal-to-noise ratio is in prin-
ciple available by applying a large steady drive, the accu-
racy of the measurement may be degraded by the large
energy. The technique described here allows for efficient
signal detection at the lowest possible energies, minimiz-
ing such perturbations.

The buildup of thermal quanta in an oscillator is de-
scribed by Egs. (10). If the present cooling and detection
technique is to prove useful, the number of thermally in-
duced quanta y7it,, must be less than one, where ¢, is the
duration of a cooling or measurement cycle. This means
that the quality factor Q =w/y of the oscillator must
satisfy

Q> fwt, =(kT, /#)t,, 1)

where the equality holds for kT >>#iw. For example, at
T,=4.2 K and t,,=0.02 s, we require Q >10'". Such
high @’s can be achieved in the motion of trapped
ions.!?~!* Given the progress that has been made with
superconducting cavities and crystal oscillators,'®!7 it
may be possible to satisfy inequality (21) for these systems
as well. Note that if Q is sufficiently large, the large heat
capacity of a macroscopic object such as a crystal oscilla-
tor is irrelevant, since only vibrations of a single mode
are cooled, not the crystal as a whole.
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IV. PARAMETRIC COUPLING OF INTERNAL
SOURCE MODES

Parametric coupling of two modes can exchange ener-
gy between them with no added noise.! Thus the cooling
and detection techniques described in the previous sec-
tion may be extended to other source oscillator modes
through parametric couplings. To this end we assume
that during a time over which the parametric drive is ap-
plied, the Hamiltonian of the source may be written as’

H=(ala,+ 1o, + (@ 1a,+ L Yo,

)1/2

+(m,m,)?g? cos(wyt)%,%; , (22)

where X; and p; are given by Egs. (14) with »;=w;, and
the third term represents the parametric coupling be-
tween two of the source modes, modes 1 and 2, with a
frequency w, and strength g2. The parametric drive may
be assumed to be classical.! It is assumed that the cou-
plings between modes 1 or 2 and all other source modes
may be neglected. The Heisenberg equations of motion
of X; for the Hamiltonian (22) may be written as

24 12
d X1 24 2 m; A
dtz +a)1x|——g1 —rn—— Cos(wdt)XZ , (233)
1
172
d2x2 20 2 ~
1 +wiX,=—g35 —2 cos(wyt)x, , (23b)

where, in the present case, g2 =g2=g? (a case where
g3#g3 is treated below). For maximum parametric cou-
pling of the two modes, we require w;=0;—w,.
Defining new slowly varying operators X;(t) by

=Re[%;(t)e ’t], substituting for X; and w, in Egs.
(23), assuming g <<®,,®,, and keepmg only secular
terms, we find that

—~—|—| x,, 24a
dt 4o, | m, 2 (24a)
. 172
ax ig} |m
N e (24b)
dt 40)2 m2
Thus noting that x,(0)= )—ip;(0)/mjw;, we find
that the solutions for X and x2 are
X,(t)= |%,(0)cosw,t + sinw,t | cosw, ¢
m,m,
+ | —%,(0)sinew,t + cosm;t
myw,
m,a,g? |2
221 Sinw,,t , (25a)
mym83
R R §.(0)
X ()~ |X,(0) cosm,t + sinw,t | cosw,,t
myw,
+ | —%,(0)sinw,t + Cos@,t
m o,
m wgz 172
X |——%| sinoyt , (25b)
my@,8
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where 0., =g,8, /4 ©,0,)!/2.

These equations are essentially the same as Eqgs. (17),
apart from the factor (m;0;/w;0;)'’? multiplying the
sin(w,t) terms. Thus the same conclusion may be
reached regarding the exchange oscillation: Apart from a
phase shift of 7/2, oscillators 1 and 2 exactly exchange
wave functions when the drive has been applied for a
time t. =m/2w,. The factor (m,-co,»/mja)j)l/2 normal-
izes the exchanged wave functions so that the number of
quanta are conserved; that is, if [¢,(t =0)) has an expan-
sion in terms of the number states of oscillator 1, then
l,(t =t.,)) has the same expansion in terms of the num-
ber states of oscillator 2, apart from a phase shift.

Equations (25) have important implications for a
source coupled to a trapped ion. Suppose that the source
is such that only source mode 1 can be efficiently coupled
to the ion, but it is desired to measure excitations in
source mode 2. Then, according to Egs. (25), source
mode 1 can first be cooled to the {n,)=0 state, and this
state parametrically transferred to source mode 2, so that
{(n,)=0. We assume that source mode 1 is then
recooled to {n,)=0. With the parametric drive off,
mode 2 may be excited by a signal drive. The excitation
in mode 2 may be parametrically transferred to mode 1
and then to the laser-cooled ion for detection. Thus para-
metric drives may be used to extend the single-quantum
detection to source modes other than the one directly
coupled to the ion.

V. APPLICATION TO COOLING AND DETECTION
OF AN ELECTRON, POSITRON, PROTON,
OR ANTIPROTON IN A PENNING TRAP

As an application of the preceding ideas, we consider
the measurement of the cyclotron frequency of an elec-
tron, a proton or their antiparticles in a Penning trap.
The Penning trap consists of a ring electrode and two
end-cap electrodes, which to a good approximation pro-
duces a potential (in cylindrical coordinates) of the form

2
(L)Z
(z2—

2q %

$(r)= r’), (26)
where m, w,, and g are the mass, axial frequency, and
charge of the trapped particle.'>!32>27 Syperimposed on
the electrostatic potential is a uniform magnetic field
B= B2z, which provides radial confinement of the particle.
The Hamiltonian of a single electron in a Penning trap
may be written as?’

Hy=(f, + Lo, + (A, + 1w, — (8, + Do, + 108, ,

(27)
where ﬁj=6}6j (j =2z, c,or m), and
1/2
Lo, |ei ol
wc=7+ VY , (28a)
1/2
o, o o
a)m:T— T—~2“ (28b)

Here, o, =(g /2)w,, with g the electron g factor, &, is the
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electron’s z component of spin, with eigenvalues +1, and
w.=eB /mc is the unperturbed cyclotron frequency of
the electron.

The electron has four independent degrees of freedom:
an axial oscillation at frequency w,, a cyclotron motion
(perturbed by the trap electric field) at frequency o, a
circular magnetron drift about the z axis at frequency
®,,, and the spin. The magnetron oscillator is inverted,
corresponding to the instability of the magnetron motion
in the trap.

In terms of the @; and 6;, we may also define the
operators45

# 172
2= @i+a,), (29a)
2mo,
mo, 172 .
=i @l-a,, (29b)
ﬁ 1/2
A i
= | +a
pe= |7 g | @cta), (29¢)
P 172
#o=io, | 22| (al-a,, (29d)
Q
P 172
Pn= |7 @l +a,), (29¢)
o 1/2
£, =—io, || @' -a,, (29f)
Q
=P, +pn) > (29g)
1 | fe | Fm
P=— |4+, (29h)
2m a):‘ @,,

where Q=(w, —w,,)/2.

For reasonable experimental parameters, the electron’s
cyclotron frequency will lie in the GHz range, while the
laser-cooled ion’s axial frequency will lie in the MHz
range. Therefore the desired cyclotron mode cannot be
coupled directly to the ion. In order to cool and detect
the electron, we connect the end caps of the electron trap
to the end caps of the ion trap and adjust the trap volt-
ages, so that the axial frequency of the electron w, equals
the axial frequency of the ion w,;. (We might also consid-
er coupling the electronic axial resonance to the ion’s cy-
clotron resonance by splitting the ion trap’s ring elec-
trode.) In this case, the two axial oscillators are
equivalent to the circuit of Fig. 3, where u, =0, Cr is the
combined capacitance of the two traps in parallel, /; and
c; are given in Egs. (2), L =m(d, /a,e ), ¢,=(w?l)7, d,
is the electron end cap separation, and a, a constant of
order unity.’> Therefore the discussion of Sec. III ap-
plies; and it follows that if the ion is prepared in an initial
(7, ) =0 state, this state is transferred to the electron’s
axial oscillation by allowing them to couple freely for a
time t,, =mw,(l];)'>Cy. The axial oscillators can be
decoupled by rapidly (but adiabatically) changing the ion
trap potential, so that |0, —w,| >>[w,(I,1)*C;]17".

The electron’s other two degrees of freedom, the cyclo-
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tron and magnetron motion, may each be coupled
parametrically to the axial motion in the manner dis-
cussed in Sec. IV. This problem has also been considered
and demonstrated in the classical regime by Cornell
et al.*® We consider an applied field of the form

E,q
¢(r)=7xz coswyt , (30)

with E=—V¢. Again, the drive may be assumed to be
classical.! The applied potential gives rise to an addition-
al contribution to the Hamiltonian,

eE,
—3X% coswyt . (31)

int = d
The Heisenberg equations of motion of g, p,,, and 2 for
the total Hamiltonian H =H,+H,,, are

d*p o.eE
dt’;c (0l )p,=— (imdo 2 coswyt , (32a)
d*p w, eE
df 20, =+ 0 cOsy (32b)
25 eE
%t—i tl2= =2 (p,+p,, oosa,t . (32¢)

As before, we introduce slowly varying operators

by defining 2=Re(ze “*'), p. =Re(ﬁcem‘1), and
P =Rel(p, e “n'). Parametric coupling of the axial
and cyclotron motion occurs for w; =w, —w,. Substitut-
ing for wy, 2, p,, and p,, in Egs. (32), and neglecting non-
secular terms, we find that

dﬁc _ ieEO o~ ig% =
” —4dez—4w;z, (33a)
dr _ ieEy _ _ igh
dt 8mcozdpc 4o, Pe (336)
dp,

=0.
d (33¢)

Equations (33a) and (33b) are of the form of Egs. (24),
with X,=p,, X, =2, 0,=0,, 0,=0,, §;=w,eEy/Qmd,
and g5 =eE,/2md. Therefore the general solution is of
the form of Egs. (25), where p,=%., p,=D,,
m,=m,=m, (0,83 /0,83 =20, /), and
we,=(eEq/4md }2Qw,) /2. Again, the solution is ex-
actly analogous to Egs. (17), apart from the factor
(2w, /Q)*1/? multiplying the sinw,,? terms. Thus we find
that for ¢, =7 /2w,,, the axial and cyclotron wave func-
tions have exactly interchanged, apart from a phase shift
of 7/2. The factors (20,/Q)*!”? normalize the wave
functions, so that the number of quanta are conserved,
and so that the exchanged wave functions have the same
expansion in a basis of number states, apart from a phase
shift.

A drive at 0, =w, +o,, will couple the axial and mag-
netron motions. The sum, rather than the difference, of
the frequencies appears because of the inversion of the
magnetron energy. By again substituting for wy, g, P,
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and 2 in Eqgs. (32) and neglecting nonsecular terms, we get

dp,
7 =0. (34a)
dp~m ieEO lg%
= F = 5 , 4
dt amQd” 4w, z (34b)
dz _ 1eE, g}

it 8mw,d’™ 4w,’m (34c)
In this case also, Egs. (34b) and (34c) are of the form of
Eqs. (24), with X,=p,,, X,=Z, o,=0,, 0,=0,,
g%=a)meEo/ Qmd, and g? =eEy,/2md. The general
solution is of the form of Egs. (25), where p,=#,,
Pr=P,, mi=my=m, (0.8%/0,83)"*=2w,/0)"?,
Wy =(eEy/4md)(2Q0,)” 2, and o,=—w,,. Again,
apart from a phase shift, the axial and magnetron wave
functions are exchanged after a time ¢, =7/2w,,, with
the wave functions normalized so that the number of
quanta are conserved.

The electron can be cooled into its |n,,n,,n,,)
=10,0,0) ground state, by cooling to n, =0 via coupling
to the ion, as illustrated in Fig. 4(a) and by then parame-
trically driving n, to zero, recooling to n,=0 again,
parametrically driving n,, to zero, and, finally, recooling
n, to zero. Measurements of the electron’s cyclotron fre-
quency may be carried out by first applying radiation
with a frequency near o’ to drive the |0,0,0) to 0,1,0)
transition, and then by parametrically exchanging the cy-
clotron and axial wave functions, as illustrated in Fig. 5.
If no transition to the |0,1,0) state occurs after the radia-
tion is applied, the final state of the electron after para-
metric exchange is (0,0,0); whereas, if a transition to
|0,1,0) does occur, the final state of the electron is
[1,0,0). The transition may be detected by detecting the
presence of a quantum in #n,, by coupling to the ion, as il-
lustrated in Fig. 4(b).

As discussed in Sec. III, the ability to cool and detect
single-quantum excitations in this manner does not in-
crease the inherent signal-to-noise ratio of the driven
electron, given that a certain amount of damping is
present and that a spectrally pure drive is available. Thus

ﬁwz :
e i
N=
Ne =1 — /A T nz=0
| a b
ﬁwc, .
n 22
l L no=
nc=0 nz=0

FIG. 5. Lowest electron cyclotron and axial energy levels, il-
lustrating the transfer of a single cyclotron quantum into the ax-
ial motion. Only the few lowest cyclotron and axial levels are
shown for clarity. (a) |n,,n,)=10,0) to |0,1) transition at w.
{6) |0,1) to |1,0) transition at o, —w,.
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one can also achieve an equivalent signal-to-noise ratio by
applying a strong continuous drive to the electron’s
motion, resulting in a large signal power, and by detect-
ing the signal using conventional rf detection.”> Howev-
er, this introduces perturbations to the particle’s frequen-
cies w., ®,, and o,,, making this large signal-to-noise ra-
tio less useful to precision experiments.

For a purely quadratic electric potential and uniform
magnetic field, the “true” cyclotron frequency of the par-
ticle, in terms of the measured frequencies o., @,, and
®,,, is given by?

w0l =(w,P+ol+vl, . (35)

This expression remains valid for arbitrary tilt angle of
the magnetic field with respect to the trap axis.”> The
most important corrections to Eq. (35) arise from
second-order inhomogeneities in the magnetic field,
fourth-order corrections to the electric field, and relativ-
istic corrections. (The magnetic- and electric-field inho-
mogeneities may be parametrized by coefficients B, and
C,, respectively.”®) These corrections are proportional to
the particle energies; so accuracy increases as the energies
are lowered.

For trapped electron spectroscopy, the B, correction
has typically been the largest, since a “magnetic bottle”
(large B,) has been deliberately applied for detection pur-
poses.”>?’ However, it should be possible to reduce this,
either by use of a “switchable bottle”® or by using alter-
native detection schemes without a magnetic bottle.*® If
such schemes are successful, the most important correc-
tion will be the relativistic shift (Ao, /),
= —E,/2mc?, where E, is the axial energy. (We assume
that the cyclotron motion has cooled to {(n,) <1 by cy-
clotron radiation, so that relativistic shift due to cyclo-
tron motion may be precisely corrected for, as discussed
below.) For E,=kgT, with T=4.2 K, we find that
Aw/w,=—3.5X107'° Thus electron-positron mass
comparisons or g-factor anomaly measurements at or
beyond a few parts in 10'° will require significantly lower
axial temperatures. We note that presently the electron-
positron mass ratio has been measured to one part in
107, and their anomalies measured to two parts in 10°.?’

The character of the systematic corrections changes
dramatically when the electron or proton can be cooled
to its lowest quantum state. In this case, the resolved
quantum level structure of the particle becomes apparent,
as was illustrated in Fig. 5, and the perturbations take the
form of energy-level shifts.*® Also, since only single-
quantum excitations are observed, the observed reso-
nances will be sharp lines, not broadened by the perturba-
tions. Since the relativistic level structure can be calcu-
lated with high precision, the “true” cyclotron frequency
can be calculated from the observed level spacings, with
well-known corrections taken into account. In fact, this
quantum relativistic level structure is of interest in its
own right. The relativistic corrections will therefore
have essentially no effect on the measurement accuracy in
the single-quantum regime.

One of the difficulties associated with mass compar-
isons?>=?% in the Penning trap is that the magnetic field
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typically drifts between the loading of one particle and
the next. This has limited the accuracy of mass compar-
isons of atomic ions to a few parts in 1092526 We en-
vision performing such experiments with a single *Be™
ion as the detector ion (Appendices A and B). This near-
by °Be® ion can also serve as a highly accurate magne-
tometer by measurement of its ground-state electron
spin-flip transition frequency, so that such drifts may be
corrected for to a high degree. The B,, C,, and relativis-
tic corrections are of comparable magnitudes for atomic
ions and will limit accuracies to approximately one part
in 10" without improved cooling techniques. The
present technique provides a means of dramatically
lowering these corrections. Mass-ratio comparisons at or
beyond a few parts in 10'2 should be possible.

These techniques may be applied to a measurement of
the electron g factor. In this case, the largest systematic
effect has been a cavity shift of the cyclotron frequen-
cy.2>* The uncertainty in this effect could be substan-
tially reduced, however, by choosing electrode shapes
which approximate a cylindrical cavity.*”>* Parameters
could be chosen so that this cavity has a lowest-order
mode frequency higher than the cyclotron frequency, so
that the shift is much smaller and more tractable. The
cavity shift effect is less important for the electron-
positron g-factor ratio and mass ratio, since it should be
the same for both particles. For the mass ratio, the limit-
ing systematic error will most likely be due to an offset of
the trap center for the electron compared with that for
the positron, due to stray contact potentials. This causes
the two particles to see a slightly different magnetic
field.’! We think that the techniques discussed here
should allow improved electron-positron mass-ratio and
g-factor comparisons. Similar improvements in accuracy
should be possible for a direct measurement of the elec-
tron g factor, assuming that the cavity shift problem can
be adequately addressed.

It should also be possible to make a high-precision
measurement of the g factor of the isolated proton or oth-
er atomic ions. This measurement has not been carried
out using existing techniques of single trapped-particle
spectroscopy, because the proton spin and cyclotron
magnetic moment are too small to detect the proton-spin
flips with magnetic bottle techniques.”> However, in the
technique discussed here, the measurement sensitivity is
great enough to detect the spin flips directly, as illustrat-
ed in Fig. 6. The proton can be prepared in the
|m,=+1,n,=0) state by first preparing it in the |£1,0)
state as described earlier, and parametrically driving at
w; —w,, where o, =g,uyB /# is the spin-flip frequency,
and u, is the nuclear magneton. The proton will either
remain in the |+%,0> state or be driven to the H—%, 1)
state. The cyclotron quantum state is exchanged with the
axial in an \nz =0) state, as previously described, leaving
the proton in the |+1,0) state. Spectroscopy of the
spin-flip transition at o, is carried out by driving the
|+1,0)-—[—1,0) transition, followed by a drive at
w, —w,, transferring the proton to |+1,1) if a spin-flip
transition occurs, or leaving it in [+1,0) if a transition
does not occur. The cyclotron quantum is then detected
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ne =1

nc =3
Ng=2
Neg=

ne=0
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1
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FIG. 6. Lowest proton cyclotron and spin energy levels, illus-

trating the transfer of proton spin-flip energy into the cyclotron

motion. Only the few lowest cyclotron levels are shown for

clarity. (a) |+ %,O>—>| ~1,0) spin-flip transition at w,. (b)
|~ $,0)—[+1,1) transition at w; ~ ;.

as described in Fig. 5. In this way, single-quantum spin-
flip transitions may be detected and the proton g factor
determined by g, =2w; /o,

The proton g factor enters into the determination of
the fundamental constants via the three quantities
8, /2=, /Uy, 1, /1, and m,/m,. The two most pre-
cisely measured of these quantities determine the third
and also appear as auxiliary constants in the least-squares
adjustment of the fundamental constants.> At present,
#,/pp and m,/m, are the most precisely determined,
with fractional uncertainties 1X 1078 and 2X 1078, re-
spectively.’? All three of these quantities might be mea-
sured with improved accuracy by the techniques dis-
cussed here. Also, the proton-antiproton g-factor ratio
might be measured with these techniques.

VI. SQUEEZING AND SIGNAL DETECTION
BY PARAMETRIC AMPLIFICATION

We have so far described only measurement by quan-
tum multiplication. Linear amplification using a single
stored ion is also possible: Degenerate parametric
amplification occurs if the ion trap’s ring—end-cap volt-
age is driven at twice the ion’s axial resonance frequen-
cy.>® This process can amplify one of the oscillator’s two
quadrature components with no added noise.* The quad-
rature components b'¢ , and D¢ , are defined by**

a=(X,+ik,)e ",
a T=(‘?1 —'ifz )e+iwt .

In terms of X ; and X »» the displacement operator Z may
be written as

(36a)
(36b)
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24 (X, cosot +X,sinwt) , (37

maw

o

so that £ , and X , may be identified with the coswt and
sinwt components of the oscillation. X . and X , satisfy
the uncertainty relation

AR AR, > 1L, (38)

where AX,=((AX,)*)'/? is the rms fluctuation of X,
about its mean. For the vacuum state or for a coherent
state, AX, and AX, are equal: \=AX, =1

Consider the state in which the operators have initial
value X,(t,) and X,(t,) at time t =¢,. Degenerate para-
metric amplification of this state occurs when an oscillat-
ing potential Re(Ve®') is applied between the ring and
end-cap electrodes of the ion trap, with ¥ a complex con-
stant, ¥ =|V|e’®. This gives rise to an added potential

o rt—2z2%

py Re(Ve?) | (39)
T

¢

where d is a characteristic trap dimension. The Hamil-
tonian describing the axial motion of the ion then be-
comes

o~ 2D R
H=fio(a ‘a+1)— 2Z Re(Ve?™) . (40)
dr

Neglecting nonsecular terms the Heisenberg equations of
motion for X, and X, become

dX

d—t‘=§(,?2cos9+,?, sind) , (41a)

dX

—dt—2-=§(z?lcosﬁ——fzsin9) : (41b)

where £=e|V|/md2w. For 8=m/2, Eqgs. (41) have the
solution

X,(t,)=G"?%,(¢,),
X,(,)=G""28,(1,),

(42a)
(42b)

with G = exp[2&(¢,—t,)]. Thus the component X, is
amplified by the factor G'/2; 8, is attenuated by the same
factor. Similarly, for 6=—m/2, X, is amplified and X,
attenuated. :

Suppose that a signal X, , which results from a drive

applied from time t =0to ¢, is present in b'¢ .- We have

X)=X,(0+X,, . 43)

This equation follows from Eq. (8) and the corresponding
conjugate equation for a'(t;), where X, =(fy
+£%)t, /2, with f = f ,e ~'“", and where we assume that
yt; <<1 and that the noise term may be neglected.
X,(¢z,) may be amplified according to Eqgs. (42), giving a
signal S and noise N of

S=(X,(t,))*=Gx3}, , (44)
N=(AR,(,)=G(AR,(0?), 45)

where we assume that (X,(0))=0. For G sufficiently
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large, S can be detected with negligible additional noise
by monitoring changes in the laser-induced fluorescence
of the ion?* or by detecting the ion’s image current with
conventional electronics. (For example, in the work of
Refs. 26 and 46, the axial amplitudes of single ions are
determined with a signal-to-noise ratio greater than unity
in a single measurement.) The resulting signal-to-noise
ratio S/N is just that of the state before amplification.
For an initial vacuum state at =0, (AX,(0)*)=4,
which gives S/N =4X2_.

The fluctuations in the signal quadrature b'¢ , may be re-
duced at the expense of increased fluctuations in quadra-
ture X ,» by preparing the oscillator in a squeezed
state.** Such a state may be characterized by a wave
function (at t =0) given by*!

¢Sq(z)=que(“l/2)[B(mw/ﬁ)zz—ZBS(me/ﬁ)]/zz] ) (46)
Here B is the “squeeze parameter,” & is a coherent ampli-
tude in the X, quadrature and N, sq 18 @ normalization fac-
tor.

In this state, the variance of X, is decreased by the fac-
tor B. Thus the noise is N,=1/4f3, and the signal-to-
noise ratio S/N;=48X3, an improvement by the factor
B. For B>>1, this implies that a signal energy #w/j,
which contains much less than one quantum, may be
detected with a signal-to-noise ratio of order unity in a
single measurement. Therefore signal detection by de-
generate parametric amplification is in principle more
sensitive than signal detection by direct measurement of
absorbed quanta.

A very direct method of producing the state given by
Eq. (46), illustrated in Fig. 7, is to first prepare the ion in
the ground state yj, of a well with a different restoring po-
tential ¢'(z')=m(w')¥(z')*/2q (o' >w) and different ori-
gin A=z —z’, and then nonadiabatically dropping the po-
tential back to ¢(z)=mw?z%/2¢q.3? This produces the
squeezed state

1 _ ; _ApR
POy = (—12)mo' /H)(z —A) =
1//0(2 ) /4 e ¢sq(z)

(47)
This implies that 8=w' /o, and that §=A(mw /2#)!/2.

A second method of preparing an initially squeezed
state is to prepare an initial vacuum state, followed by a
parametric drive as in Eqgs. (41), with 6=—=/2. The
variance in the X quadrature is reduced by a factor G,
while that in the X, quadrature is increased by the factor
G. The wave function is of the form of Eq. (46) with
8§=0and B=0G.

Squeezing and detection by degenerate parametric
amplification may be extended to source oscillators other
than the ion by the methods described in Sec. II1. Thus,
if the ion is prepared in an initially squeezed state and
coupled to a source oscillator as in Fig. 3, after a time 7,
the oscillators have exchanged wave functions; so the
source oscillator is prepared in a squeezed state. A signal
drive applied to the source generates a source excitation
analogous to that described by Eq. (43). The squeezed
and driven source oscillator wave function may then be
transferred back to the ion, and its X | quadrature ampli-
tude measured by degenerate parametric amplification of
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FIG. 7. Preparation of a squeezed state by a nonadiabatic
change in the trapping potential. (a) Potential and wave func-
tion immediately preceding the potential change where the ion
is assumed to be cooled into its ground state of the potential
well represented by ¢'(z). (b) Restored potential and squeezed
wave function immediately after changing the potential from

¢'(2) to ¢(z2).

the ion’s axial motion. In an experiment to measure a
very weak force by its excitation of a high-Q oscillator,
both quadrature amplitudes may be measured with high
sensitivity by using two oscillators, one for each quadra-
ture.>*

The buildup of thermal excitation in an oscillator is de-
scribed by Eq. (9). For y¢, <<1, it follows from Eq. (9)
and its conjugate that there is a contribution to the vari-
ance (AX,(t,)?) of y(7+1)t, /2. Thus, if thermal noise
introduced by the coupling of the oscillator to a thermal
reservoir is to be negligible, we require y(7+1)t,/2
<< {AX,(0)*)=1/4B. For B=1 (no squeezing), this is
essentially the same requirement on oscillator Q as the in-
equality (21); for 8> 1, the oscillator’s Q must be still
higher by a factor of .

VII. CONCLUSION

Sensitive detection of signals requires that both signal
source and detector exhibit low damping rates, that the
source and detector couple efficiently, and that some
means is available to cool both source and detector to a
temperature of order #iw/ky. In addition, the detector
should provide nearly quantum-limited gain. We have
shown that a single laser-cooled trapped ion, coupled to a
high-Q source through image currents in the trap elec-
trodes, can provide a realization of such high-sensitivity
detection in the rf regime.

Such a detector may have important applications to
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precision measurement. We have analyzed one applica-
tion, the cooling and detection of motions of a second
trapped charged particle, and seen that improved accura-
cy and sensitivity may be expected. These techniques
may improve the accuracy of measurements of the elec-
tron g factor,”’” electron-positron g-factor ratio,”” and
mass ratio,?® and can in principle yield the proton g fac-
tor and the proton-antiproton mass ratio®® and g-factor
ratio. By extension, these techniques may also find appli-
cation to measurement of mass or internal degrees of
freedom of other atomic or molecular ions. These
methods may also prove useful in any experiment requir-
ing very high sensitivity in the rf range or at lower fre-
quencies, such as in gravity wave detection, or detection
of very weak forces.!>~ 18

Because this kind of experiment is conceptually simple,
it may prove useful as a testing ground for topics in quan-
tum measurement theory. For example, studies of
squeezed states or quantum limits to signal detection may
be carried out this way. The quantum behavior of single
trapped particles may also be studied.

An important question is how practical the proposed
methods are. This has already been demonstrated to
some degree in Ref. 14, and in Appendices A-C we fur-
ther examine the experimental possibilities. We are
currently developing a coupled-trap experiment similar
to that described in Appendix B.
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APPENDIX A: RAMAN SIDEBAND COOLING
AND DETECTION

Most of the experimental techniques discussed in this
paper depend on resolved sideband cooling and detection.
As described in Sec. II, this requires an ion with the level
structure shown in Fig. 2, with easily accessible “weak”
(y, <<w,) and “strong” transitions. Since typically
®,~1 MHz, this condition is so far experimentally
satisfied only in a few relatively heavy ions, such as Hg*
(Refs. 14, 32, and 43) or Ba™® (Refs. 41 and 44) where op-
tical transitions to metastable levels occur. A technique
to cool lighter ions is desirable, since this maximizes the
coupling between the ion and source.

In this section, we describe how a stimulated Raman
transition between two ground-state sublevels (or a
ground state and metastable excited state) may serve as
the “weak” transition. In this way, sideband cooling may
be extended to lighter ions, such as *Be*, which is the
lightest ion which can easily be laser cooled by Doppler
cooling.’>® Cooling by stimulated Raman transitions
has been previously discussed for the case of Ba™t.5"%®

The general principle of Raman sideband cooling for
the axial energy of the ion is illustrated in Fig. 8. We
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13,n >

FIG. 8. Energy-level structure for Raman sideband cooling
and detection. The Raman cooling transitions are induced by
beams 1 and 2; beam 3 is used only for detection of Raman cool-
ing and for Doppler precooling.

consider a four-level system with lower levels |1) and |2)
coupled to a common upper level [0). We also assume
that level [1) is coupled to an upper level |3), which de-
cays only back to level |1). The |1)—|3) transition will
serve as the detector of Raman cooling and will also pro-
vide Doppler precooling. We denote the combined
internal-translational states by |J,n ), where J denotes the
internal state (J =0, ...,3) and »n the axial harmonic os-
cillator quantum number. Two classical fields,

ilkyr—w;t)

E, =Re(Eye y J=1,2, (A1)

couple level |0) to levels |1) and |2), with Rabi frequen-
cies go; = |pos Eoy| /2%, where po;={(0|ulJ) is the di-
pole matrix element between states [0) and |J) (J =1,2).
The frequencies of the two beams are assumed to be equal
to

(A2a)
(A2b)

0 =wg—A~0,,
Cl)2=6002_A ,

where w,; is the transition frequency between states
|0,n) and |J,n ), and o, is the axial oscillation frequency
of the ion.

The difference frequency w,—w, is tuned to the first
lower sideband of the |1)<«>|2) stimulated Raman transi-
tion, inducing primarily |1,n)<«>|2,n—1) transitions.
For effective cooling, we require that

R,
fiw

<1, (A3)

B;=
z

where R;=(#k;)*/2m is the recoil energy for the
|0)—|J) transition (J =1,2). In addition, spontaneous
Raman scattering occurs. When f<<1, spontaneous
scattering occurs predominantly with An =0. Thus cool-
ing can occur by means of stimulated Raman transitions
[1,n)—|2,n —1), followed by spontaneous Raman tran-
sitions [2,n —1)—|1,n —1).%" In this case, cooling by
stimulated Raman transitions is essentially the same as
laser cooling using a narrow optical transition, as illus-
trated in Fig. 2. In the case of Fig. 2, there is no inter-
mediate level, and the |J=2) level of Fig. 8 is replaced
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by the |w ) level of Fig. 2. In the case of Fig. 2, the atom
is recycled back to the ground state by spontaneous emis-
sion {w ) — |g ), rather than by spontaneous Raman tran-
sitions [2,n) —[0,n ) —[1,n).

A quantitative description of this cooling process is
fairly complex and requires a solution of the density ma-
trix equations for the infinite ladders of states |J,n),
J=0,...,3;n=0,..., 0. In order for efficient cooling
to occur, the atom must make the |1)—|2) transition
primarily by stimulated Raman scattering, and the
12) —|1) transition primarily by spontaneous Raman
scattering. One means of accomplishing this with cw ex-
citation is to make go, >>g,;.>’ This case has been ana-
lyzed by Lindberg and Javanainen,’® who obtain limiting
values of the temperature. In this section, we discuss an
alternative method, based on Raman excitation in the
transient regime. The analysis of this method is some-
what simpler than the cw case. In addition, this method
provides an efficient means of detecting the final tempera-
ture.

We first suppose the ion is in the level |1,n ), and that
both beams are turned on for a time ¢, where ¢ is
sufficiently small that the probability of a spontaneous
transition is small. The behavior of the system is ade-
quately described by amplitude equations,

Y

da —1i iwy g
—z;i=—ﬁ—il,2‘;la,,,,e ’"’"[V,njr,,,—TaJ,, . (A4
In Eq. (A4), a,, is the amplitude for the state |J,n),
#iw ), is the energy of state |[Jn ) minus the energy of
|J'n'), Ve is the matrix element of the perturbation
—p-(E,+E,) between states |J,n) and |J'n’), and
v ;=780 where v is the total spontaneous decay rate of
level O.

If the condition (A3) is satisfied, if k;zyn 172 << 1, and if

'801'=|802,Eg s (AS5a)
As>—T¢ (A5b)
2|8k, |zqn 2
2
gf <o, (ASc)

then we can show from Eqgs. (A4) that for times ¢t $1/4}
only the |1,n)«>]2,n —1) transition is appreciably excit-
ed, and that the populations of these two levels are given
approximately by

P, ,=cos’Qt , (A6a)
Py, _=sin’Qt , (A6b)
where
2
Q=§A—18kz\zon“2. (A7)

Here 8k, =k,, —k,, is the difference between the z com-
ponents of the wave vectors of beams 2 and 1, and
zo=(#i/2mw,)""? is the spread of the zero-point motion
of the ion in the axial well. We see that a kind of
coherent “Rabi oscillation” between the two lower levels
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is observed, and that, if the two beams are left on for a
time ¢, =m/2Q), a “Raman 1 pulse” is obtained, in which
the population of level |1,n ) is completely transferred to
[2,n—1).

The first inequality (AS5b) guarantees that the total
spontaneous decay probability out of level |0) is small,
and the second inequality (A5c) guarantees that the popu-
lation transferred by stimulated Raman transitions to
states other than |2,n —1) state is small. This “Rabi os-
cillation” is similar to that which has been previously an-
alyzed for a three-level system;%® our analysis differs in
that a minimum of four levels is involved, since the Ra-
man transition proceeds equally through the two excited

levels |0,n) and |0,n —1). | g, 1 #| O:y\a hegg
po :To exghange still bectirs put Avith | stl;Z: }6 o
ei%? C)/(sipéla[lto/t;e/éfr e-lefel Casg™).

The behavior given by Eqs. (A6) indicates that the Ra-
man transition may be used to verify that the ion has
been cooled into the state |1,n ), with {n ) << 1. The two
laser beams are pulsed on for a time ¢, corresponding to
n =1. The ion is transferred to the |2,0) state with high
probability if it was initially in |1,1); but if it was initial-
ly in the state |1,0), it remains there. This behavior is il-
lustrated in Fig. 9, which shows the result of a numerical

(a) 10 -
08 t Pra®
[ =
O 06
I
2
2 04t
a
0.2 |
pz,o(t)
0.0 : :
0.0 Dea” o8 > 4
4 time (usec) 8 2
(b) 1.00
P, o)
0.98} 1.0
[
© 096} 4
ke
a
2 094t
a
0.92¢ d
0.90 . : . : —_
0.0 o o8 ¥
4 time (usec) 8 2

FIG. 9. Level populations for stimulated Raman transitions
as functions of time of the states |J,n)., Parameters are
lgor| 727=1g021 /27=40 MHz, A/2w=>&"%ﬂz, w0, /27=5
MHz, and k,,zo= —k,,2,=0.115. (a) Populations of the |1,1)
and [2,0) states, with all population initially in the |1,1) state.
(b) Population of the |1,0) state, with all population initially in

the [1,0) state.
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integration of Eq. (A4). In this simulation, couplings are
considered only up to the first order in k;zyn /% and the
basis includes only the n =0, 1, and 2 levels of each elec-
tronic state. For the parameters indicated in Fig. 9, the
|1,1)—2,0) transition is driven with over 97% proba-
bility, whereas transitions out of the |1,0) state occur
with less than 19 probability. The amplitude equations
do not include the repopulation of the ground states due
to spontaneous emission from the excited states. For the
conditions of Fig. 9, (a) and (b), the integrated decay
probability during the time ¢, is (g/A)*yt,=0.9%.
Thus, for the conditions of Fig. 9(b), most of the popula-
tion loss from the |1,0) state occurs via spontaneous
emission, and most of this population returns to the |1,0)
state by the end of a cooling cycle, since the probability
for the ion to recoil into the n =1 state for a single spon-
taneous scattering event is =B <<1 (see discussion
below). The presence or absence of the initial n =1 quan-
ta may be determined by following the Raman pulse with
a pulse of radiation on the |1)<|3) transition, which
here plays the role of the strong transition in a manner
analogous to that discussed in Sec. II.

Equations (A6) also suggest one means of cooling the
ion. The ion is first precooled by ordinary Doppler cool-
ing>>¢ on the |1) —|3) transition to a condition where
(n)=np=(y;/w,—1)/2.>7 Beams | and 2 illuminate
the ion, with |go;| =g, |, and beam 1 is chopped on and
off, with the initial “on” period adjusted to give a “‘w
pulse” with n =1, and the “off” period sufficiently long
that the ion returns from state |2) to state |1) by spon-
taneous Raman scattering with high probability. The ion
then is pumped down the ladder of states, losing, on aver-
age, approximately one quantum per on-off cycle.
(Ramping the pulse length from ¢_n,'/? to t, would
shorten the cooling time.) This may or may not be more
efficient than a scheme in which both lasers are left on
continuously with |gg, | >> g, |; it has the advantage that
the experiment will already be set up in this way for
detection purposes, and that the cooling time may readily
be estimated. The limiting population of the n =1 state
will be determined by the probability that an ion in the
|1,0) level is promoted into the |1,1) level during one
cooling cycle. This can occur by an off-resonant stimu-
lated Raman transition with probability of order
P, x=(g*/Aw,)*. Also, the ion can reach the |1,1)
state by spontaneous Raman transitions, either by direct-
ly undergoing the {1,0) —|1,1) transition, or by first un-
dergoing the |1,0) —|2,0 or 1) transition during the
beam 1 on period, and then the |2,0 or 1) —|1,1) transi-
tion during the beam 1 off period. Both of these process-
es occur with a probability of order P, g =(g/A YyBt..
An ion reaching the |1,1) level returns to the |1,0) level
during the following cooling cycle with high probability.
Therefore the average population of the [1,1) level is ap-
proximately given by the greater of Py g or Py, g. For
the example of Fig. 9, Pyp=4.6X10"* and
P, g=3.9X 10™% so the limiting population of the n =1
state is ~ 1073,

In addition to cooling the axial motion, the particle’s
two transverse degrees of freedom will heat because of
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recoil. This will not affect the present discussion as long
as the transverse motion is not inordinately hot, since the
Raman transitions are sensitive only to axial temperature
if k; —k, is oriented along 2. The transverse temperature
may be kept reasonably low by periodic application of
Doppler cooling by beam 3, presumably during detection
periods. Also, the sideband cooling methods discussed
here may easily be extended to the particle’s transverse
degrees of freedom, so that a very low temperature in
three dimensions may be obtained.

The Raman sideband cooling method discussed here
may be implemented in the *Be™ ion.2’ We assume that
the °Be* ion Zeeman sublevels are split by a strong mag-
netic field, and that the hyperfine structure may be
neglected due to optical pumping®! into the nuclear spin
state m; =+ 3. The levels corresponding to Fig. 8 are

1)=128,5,m;=+1),
|2)E|2S1/2,m‘]=_%),
|0>E\2P3/2,m1=+%> ,

13)=12P3,m;=+3) .
The parameters given in Fig. 9 are representative of those
which may be obtained with *Be™ in a Penning trap with
a large magnetic field ~6 T. For these conditions,
np=2.4; so only a few Raman cooling cycles are neces-
sary to obtain {(n ) <<1.

APPENDIX B: EXAMPLE DESIGN PARAMETERS
FOR A COUPLED-TRAP EXPERIMENT

In this section we discuss the design of an experiment
to cool and detect excitations of an electron in a Penning
trap. We assume that a °Be™ ion is cooled and detected
by the Raman sideband method discussed in Appendix
A. The electron is assumed to be confined in a Penning
trap of end-cap separation d,, and the ion in a second
Penning trap of end-cap separation d;. We assume that
the two traps are arranged in a coaxial fashion, as illus-
trated in Fig. 10, with a common central end-cap elec-

. EC
on

oi
diI (== ER ‘l}

I:I bEC
R R

T 8
(I

de - electron
Voe

1
;:l EC
FIG. 10. Coupled-trap experiment: End-cap electrode (EC)
and ring electrode (R). The central end cap is common to the
two traps and is connected to the shield by resistor Ryz. The

trap electrodes and shield (outer boundary) are drawn to scale,
with d,=0.4 cm, and are assumed to have cylindrical symme-

try.
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trode, and with the two remaining end-cap electrodes
connected to an outer conducting shield. The central
electrode may be connected to the shield potential via a
large resistor and small shunt capacitance, without intro-
ducing significant thermal noise or excess capacitance.
Potential differences of V;,, and V, are applied between
the shield and the electron trap and ion trap ring elec-
trodes, respectively.

We have evaluated the trap design in Fig. 10 numeri-
cally, using a modified version of the computer code
POISSON.%? Figure 10 is drawn to scale, and we assume
that d, =0.4 cm (d;=0.1 cm). We assume that the trap
capacitance Cy is given by its upper limit, which is sim-
ply the sum of the capacitances of the central end-cap
electrode to all other electrodes and to the shield. We
find that

C;=~0.30 pF , (B1)
l,=m,d,/a,e)=905H, (B2)
L=m/d;/a;e)*=9.86X10° H , (B3)

where we calculate that a, =0.793, and a; =0.772. If the
traps are placed in a magnetic field of 6 T, then the *Be™
cyclotron frequency v, is 10.2 MHz, and the maximum
axial frequency is v,(max)=v,/2'/2=7.23 MHz. We as-
sume that v, =5 MHz, which then gives

t,, =2mv (1,1)V*C,=0.88 s, (B4)

Finally, we calculate that the axial potentials of the two
traps are given by

V,(z,)=0.563(z,/d,)*V,, , (B5)
Vi(z;)=1.82(z; /d;}*V; , (B6)

where z, and z; are the electron’s and ion’s axial displace-
ments from the center of their traps. This implies that an
axial oscillation frequency of v, =5 MHz is obtained in
each trap for ¥V, =79.8 mV, and ¥V, =25.5 V.

The time t,, must be shorter than the time for absorp-
tion of one thermal quantum of energy on the axial
motion of either the ion or the electron. This seems feasi-
ble, since a heating rate of approximately six quanta/s
was obtained in the Hg" experiments,' and this may
presumably be improved upon. For single-quantum exci-
tation and detection of the electron’s other degrees of
freedom, the excitation of that degree of freedom and
transfer into the axial motion must be shorter than the
time for single-quantum excitation on that degree of free-
dom due to thermal radiation. The traps must be har-
monic and tuned into resonance with each other to an ac-
curacy better than Av,~1/2t,,=0.57 Hz, or a relative
accuracy better than 1.1 X 1077, This may be difficult but
also seems feasible.

APPENDIX C: CONTINUOUS REFRIGERATION

The previous discussions have concentrated on cooling
the source modes to the zero-point energy. For some ap-
plications, this degree of cooling may not be required and
a more modest form of the basic scheme can be em-
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ployed.

As an example, consider that a cloud of N trapped ions
which is laser cooled is used as a refrigerator. For simpli-
city, we assume that the cooling transition’s radiative de-
cay rate y is larger than the ion’s motional frequencies;
that is, we are in the Doppler-cooling regime.’>® We
will consider, as before, the axial motion of the ions, but
similar arguments apply to the other degrees of freedom.
For this case, Fig. 11 applies where we can determine Ry
from the following argument. Near the Doppler-cooling
limit, the cooling rate is approximately [see, for example,
Eq. (10) of Ref. 39]

dE, Io,
dt  fiw;

’ (ChH

where I is the laser beam intensity on the ions, o is the
resonant scattering cross section, w, is the laser frequen-
cy, E, is the total axial energy, and I is assumed to be
below saturation. We assume that the recoil energy R is
such that R <<fiy, and that the laser is tuned to
wy—w; =V /2 for minimum temperature, where « is the
rest frequency of the cooling transition. Equation (Cl1)
applies as long as the Doppler width of the cooling tran-
sition is less than the natural width y. Equation (C1) can
be rewritten

%(EZ —#y /2)=—N; %(Ez —fiy/2),
where N, =Iofiw; is the resonant scatter rate. (N, <y
by the assumption that the laser intensity is below satura-
tion.) The energy decay rate for the equivalent circuit in
the left-hand side of Fig. 11 is equal to Ry /ly; so we
make the identification that laser cooling can be
represented by a resistor Ry at temperature T, where

(C3)

(C2)

Ry=IyN,R /(#iy /2),

and where* Iy=I,/N, I, is given in Eq. (2a), and

fn T Cr £y
T
Cn
CS
Rnr Tn RS' TS
| S —
ion in trap source
oscillator

FIG. 11. Use of a cloud of N ions ({,=1{;/N) as a continuous
refrigerator to cool a source mode represented by a series
L,C,R; circuit The resulting source ‘“temperature” T,* is as-
sumed to be given by (i?)l /kg, where i, is the total rms

current in the inductor /.
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Ty=*%y/2ky is the Doppler-cooling limit.’>3 For
laser-cooled Be™ ions as the refrigerator, y/2r=19.4
MHz assuming laser cooling on the 313-nm first reso-
nance line. Then Ry=~2.2X10*[N,(s"!)/N] Q. Since
N, can be as high as approximately 10%/s, extremely
large values of resistance at the Doppler-cooling-limit
temperature [Ty(Be™ )=~0.5 mK] can be obtained.

The main problem in achieving strong damping of
source modes is the shunting effect of the trap capaci-
tance Cr. This is not a problem as long as the coupling
of the source oscillator mode to external heat sources is
weak (R;—0), in which case the source mode comes to
the temperature Ty of the cooled ion. This would be a
good approximation in the example where the axial
motion of an electron is cooled by the axial motion of an
ion (Appendix B). In principle, the shunting effects of the
trap capacitance can be eliminated by using an inductor
in parallel with the trap capacitance. This might be used
to advantage in some cases, but the heating effects due to
losses in this inductor may outweigh the benefits of the
capacitance cancellation.

The refrigerator ions can also be used to cool a mode of
a macroscopic oscillator such as a quartz crystal. The
equivalent circuit of a quartz-crystal resonator is essen-
tially the same as that of ions in the trap; that is, a series
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LoRyCy circuit in parallel with electrode capacitance
C,. To get an idea of the degree of cooling that could be
obtained, assume®®  that LQ= 19.5 H, RQ=65 Q,
(LyCp)~'?=2mrx2.5 MHz, Q ~5X10%, and C,~4 pF.
Assuming the same Be* trap conditions as in Appendix
B, we require N ~=/;/L,~50000 to make ly~I,. Cris
in parallel with the much larger quartz-resonator elec-
trode capacitance C,. Therefore Cr+—C, in Fig. 11.
Adjusting the laser cooling to make Ry =1/wCy, we nu-
merically evaluate the energy in the source mode {i2)L,
to be equivalent to a temperature (i2)L, /ky~35 mK,
where we have assumed that T, =4.2 K. Since crystals
with much higher Q’s (lower values of R ) might be ob-
tained, perhaps much lower values of temperature might
eventually be reached. For example, Ref. 64 reports a 1-
MHz crystal with a Q of 4X10° at a temperature of 2 K.
If this same Q could be obtained on our example crystal,
then R, —0.08 Q, and (i?)L, /kp =0.54 mK ~Ty.

By use of suitable mechanical transducers and/or of in-
termediate transfer oscillators, such as quartz crystals,
macroscopic oscillators of much larger mass, such as
gravitational antennas, may possibly be cooled. Detec-
tion of energy changes in these macroscopic resonators
can then be detected by the reaction back on the ions as
described previously.
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Cooling that results from optical dipole forces is considered for a bound atom. Through optical pumping, the
atom can be made to feel decelerating optical dipole forces more strongly than accelerating optical dipole forces.
This effect, which has previously been realized for free atoms, is called Sisyphus cooling. A simple model for
a bound atom is examined in order to reveal the basic aspects of cooling and heating when the atom is confined
in the Lamb-Dicke regime. Results of semiclassical and quantum treatments show that the minimum energy
achieved is near the zero-point energy and can be much lower than the Doppler cooling limit. Two practical
examples that approximate the model are briefly examined.

1. INTRODUCTION

Interest in laser-cooled atoms and atomic ions has contin-
ued to increase over the past few years. The simplest
cooling scheme that has been proposed is called Doppler
cooling, in which the atom experiences a damping force
owing to spontaneous scattering of light.! This cooling
applies to a two-level system. That is, it can be explained
by a consideration of scattering between a single ground
state and a single optically excited state. It leads to
minimum temperatures (the Doppler cooling limit)
Tp = hIJ2kp when #I' > R. Here 27h is Planck’s con-
stant, I" is the decay rate from the excited state, kp is
Boltzmann’s constant, and R = (#£)?/2m is the recoil en-
ergy, where A = 2w/k is the wavelength of the exciting ra-
diation and m is the mass of the atom. For strongly
allowed (large-T') electric dipole transitions in atoms and
ions, this leads to temperatures of approximately 1 mK.

In 1988 an important experiment by the group of
Phillips at the National Institute of Standards and
Technology, Gaithersburg, Maryland,?> showed that tem-
peratures of laser-cooled sodium atoms were substantially
below the minimum temperature predicted theoretically
for two-level systems. A theoretical analysis and subse-
quent experiments®® showed that the new cooling mecha-
nisms responsible for these low temperatures were based
on a combination of several effects such as optical pump-
ing between more than one ground-state sublevel, light
shifts, and polarization or intensity gradients.

The idea of the new cooling mechanisms is that laser
beam electric fields E create a polarization d in an atom
that depends on the ground-state sublevel and on the laser
polarization. This dipole interacts with the laser field,
and the reactive part of this interaction induces an energy
shift of the ground-state sublevels, which varies from one
ground-state sublevel to the other. This shift is called
the light shift or the ac Stark shift. If the laser intensity
or the laser polarization varies in space, these light shifts,
which are now position dependent, give rise to a dipole or
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ponderomotive force equal in magnitude to the gradient of
the atomic energy. Optical pumping takes place between
the sublevels, so if the laser polarization/intensity varies
in space, the relative populations of the ground-state sub-
levels are also position dependent. For an atom moving
arbitrarily slowly in a spatially periodic light field, the
averaged force is equal to zero, because the deceleration
force experienced by the atom in the ascending parts
of the potential curves (associated with the position-
dependent light shifts) is offset by the acceleration felt in
the descending parts. However, optical pumping takes a
finite time to occur (the pumping time 5 is inversely pro-
portional to the laser intensity I). Therefore, in general,
for a moving atom, it is possible to arrange the laser tun-
ing and the polarization/intensity gradients so that the
atom has time to run up one of the dipole potential hills
(thereby losing kinetic energy) before being optically
pumped into another ground-state sublevel where the
dipole potential has less effect on the kinetic energy.
After a while, the atom is returned by optical pumping (or
by some other relaxation mechanism) to the original
ground state, and the process is repeated. Since the atom
appears to be running up the potential hills more than
down, this cooling has been called Sisyphus cooling after
the Greek myth® (see also Refs. 10 and 11). Cooling that
is due to static electric and magnetic fields in combination
with optical pumping has also been considered.!?**

The Sisyphus cooling mechanism was first introduced
for a two-level atom moving in a high-intensity laser
standing wave.” The required multilevel structure of the
atom was then provided by the dressed states of the atom
in the strong laser field. However, the time lag appearing
between the dressed-state populations of a moving atom
and the corresponding populations of an atom at rest is,
for a two-level atom, of the order of the radiative lifetime
rg = I'"! of the atomic excited state. At low intensity the
optical pumping time 7p for a multilevel atom can be much
longer than 7z. Because of this, the new cooling mecha-
nisms based on optical pumping and light shifts can lead
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to friction coefficients as high as Sisyphus cooling for two-
level atoms but at lower intensity, since, with longer time
lags (1, >> 5), smaller velocities can give rise to compa-
rable decelerations.?

Doppler cooling exhibits the damping of the sponta-
neous scattering force, whereas Sisyphus cooling uses the
decelerating effect of the dipole force combined with a dis-
sipation of potential energy by spontaneous Raman pro-
cesses. For completeness, it is useful to identify a third
kind of cooling, which may be regarded as due to optical
pumping of the atom into a low-energy state that no longer
interacts with the laser. Velocity-selective coherent
population trapping®'* and resolved sideband cooling of
trapped ions'®' are of this category. In both cases the
atoms (ions) are pumped into low-energy states that inter-
act only weakly with the laser. This interaction becomes
weaker the smaller the velocity becomes or, in the case of
sideband cooling, the narrower the cooling transition is.
Related schemes, which put atoms into a low-energy state
that no longer interacts (or interacts weakly) with the
laser light, have been proposed.!”’

Sisyphus or polarization-gradient cooling® has been an
important development for cooling and manipulation of
atoms. For free atoms Sisyphus cooling gives tempera-
tures down to values where the kinetic energy of the
atoms is approximately equal to the depth of the potential
wells associated with the position-dependent light shifts.
This limit applies down to the point where the dipole well
energies are of the order of the recoil energy R, in which
case the limiting energy is approximately equal to R.

In this paper we investigate the possibility of extending
the Sisyphus cooling mechanism to trapped atoms or ions.
We propose a specific scheme and show that it can lead to
temperatures much lower than the Doppler limit. Instead
of permitting the atom to move freely in space, we assume
that the atom is bound to a localized region of space by
some external potential. We assume that the intensity
gradient is due to a standing-wave laser field. By a local-
ized region of space we mean a region whose spatial extent
is much smaller than the wavelength of the cooling laser
divided by 27 (e.g., k). That is, the atom is confined in
the Lamb-Dicke regime. For simplicity of discussion, the
atom is assumed to be bound in one dimension by a har-
monic well characterized by the oscillation frequency w,.
The spread of the minimum-energy state is given by xo =
(h/2mw,)"?, where m is the atomic mass. The spatial ex-
tension of the wave functions then scales as x,, and the
condition x, < (spatial extent) << 1/k is equivalent to
hw, > R. When R > hw,, the atom, even when it is
near its cooling limit, will always sample many peaks and
valleys of the standing-wave laser field, and the cooling
limit should be adequately described by the theory for
free atoms.

For a two-level bound atom the Doppler cooling limit is
achieved when the natural width [ of the optical transi-
tion is much larger than the oscillation frequency «,! and
R/h. The opposite condition, ' << w,, corresponds to
what is called resolved sideband cooling. In this regime it
has been shown'®'® that it is possible to achieve conditions
in which the difference between the minimum energy and
the zero-point energy is less than the recoil energy as long
as w, > R/h. (For this case, however, kT > #[l) In
order to compare Doppler cooling and Sisyphus cooling in
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the same conditions, we will therefore assume here that
I' > w,. The main result of this paper is that, when
I' > w, and Aw, >> R, Sisyphus cooling leads to mini-
mum temperatures 7 such that kg7 = hw,, whereas
Doppler cooling leads to temperatures Tp such that
kgTp = #I, that is, higher than T, by a factor of Tw,.

To illustrate the basic ideas, we consider a simple
model system, which is described in Section 2. More-
complicated cases can be generalized from this example.
From a semiclassical treatment (atomic motion treated
classically) given in Section 3, we will be able to derive
cooling rates and limits. From this treatment we will see
that the minimum energies are approximately equal to
hw,. At these energies we might expect quantum effects
of the motion to be important, so we will examine the cool-
ing limits, treating the motion quantum mechanically in
Section 4. In Section 5 we briefly compare the cooling
rates and limits achieved here with those obtained from
Doppler cooling. Although the model was chosen to be
simple enough to show the basic effects, in Section 6 we
examine a couple of possible experimental examples that
closely approximate the simple model.

2. MODEL

A. Atomic Level Structure and Laser Configuration

We consider Sisyphus cooling of a single bound atom. We
assume that the atom’s internal structure is represented
by three levels as shown in Fig. 1. We label these levels g
for ground state, e for excited state, and r for reservoir
state. We assume that the transition g — e is an electric
dipole transition excited by a standing-wave laser beam
whose frequency w is tuned above the resonance frequency
wo for this transition by an amount § (where all frequen-
cies are expressed in radians per second). Level e
spontaneously decays at rate I It decays to level r with
branching fraction 8 and to level g with branching frac-
tion 1 — 8. We assume that the laser’s intensity and de-
tuning are such that the fraction of time the atom spends
in the excited state is negligible. We assume that level r
is transferred back to level g at a rate R,_. ,=1/T,, where
the duration of the transfer process is so short (<< T})
that one can consider the position of the ion as remaining
unchanged during the transfer. We assume that the atom
is confined to one dimension (the x direction) by a har-
monic well U, [Fig. 1(b)] characterized by the atom oscilla-
tion (or vibration) frequency w,. Here, U, is assumed to
be an external potential that is independent of the laser
beam. When the atom spontaneously decays from level e,
the direction of photon emission is assumed parallel (or
antiparallel) to the atom’s motion. We assume that
E. — E, > |E, — E,|, so that the effect of recoil heating
is mathematically simple. These simplifying assump-
tions will not qualitatively affect the results for other,
more complicated cases.

A key element in Sisyphus cooling is that the energies of
the dressed states or of the light-shifted ground-state sub-
levels vary along the direction of the atomic motion.
Such a situation will be achieved here if we take a laser
intensity that varies linearly with x over the range of
atomic motion. We are concerned mainly with the case in
which this intensity gradient is due to a laser standing
wave along the x direction (see also Appendix A). We then
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Fig. 1. Model system. (a) The atom has three internal energy
levels: g,e, and r. A standing-wave laser beam drives g — e
above its resonance frequency. Level e decays with branching
fraction B to level r and with branching fraction 1 — g to level g.
Transfer from level r to g occurs at a rate R,,. (b) The atom is
assumed to be confined by a harmonic well in the x direction.
The maximum extent of the atom’s motion is assumed to be less
than A/27 (Lamb-Dicke regime).

write the laser electric field (classically) as
E = (Ena/2)[cos(kx — wt) + cos(kx + wt)]
= E ax COS ot cos kx, §))]

where x is the atom’s position and the wave vector
k = 2m/A, where A is the laser wavelength. According to
Eq. (1), the laser intensity I(x) varies as cos*(kx), as shown
in Fig. 1(b). Sisyphus cooling will be most efficient when
the intensity gradient is a maximum; this occurs at the
half-intensity point of the standing wave. Therefore we
assume that the atom’s average position is near x = w/4k
[Fig. 1(b)]. The linear variation of the light shift of level
g with x over the range of the atom’s motion follows from
the localization assumption: The extent of the atom’s
motion is less than A/27 (Lamb-Dicke regime).
In this paper we focus on the regime

Rysr,Risg < 0w, < I' << 3, (2)

where R,_., and R,_., are, respectively, the rates of trans-
fer from g to r when the atom is in level g and from r to g
when the atom is in level r. We also assume that the laser
intensity is weak enough to avoid any saturation of the
£ — e transition. That is,

2(012

SEW<<1. (3)
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In Eq. (3), s is the saturation parameter and w, =
{eld|g) - Emax/h is the Rabi frequency. In this low-
saturation regime the population of the excited state is
small, and we can derive rate equations for the evolution
of the lower states r and g.

The condition T << § implies that the light shift of g
[Egs. (13) below] is larger than the contribution to the
width of this level that is due to the photon scattering
rate. The condition w, << I' has already been discussed
in Section 1 as defining the regime in which the Doppler
limit is achieved for a two-level bound atom. In a point of
view in which the atomic motion is treated classically
(semiclassical approach), the condition R,.,, R, ., << w,
means that the bound atom makes several oscillations in
the harmonic binding potential before being transferred
from g to r or from r to g. It is then possible to neglect
the variation with space of the populations of levels g and
r and to consider only their average over an oscillation
period. This greatly simplifies the calculation of the rate
of variation of the atomic external energy in the semiclas-
sical approach. From a fully quantum point of view, in
which the atomic motion is quantized, the condition R, ..,
R,., << w, means that the width of the vibrational levels
in the binding potential, owing to the excitation rates
from g or r, is smaller than the spacing #iw, between these
levels. This introduces a similar simplification into the
calculations, since it permits a secular approximation to
be used. The secular approximation consists in neglect-
ing, in the master equation describing the evolution of the
atomic density matrix o; any coupling between the popula-
tions of the vibrational levels and the off-diagonal ele-
ments of 0. In this way we can obtain a set of equations
involving only the populations of the vibrational levels,
which has a simple interpretation in terms of transition
rates. This is an example of a situation in which the rate
of variation of atomic internal variables (R,.,, R,_..) is
slower than the rate of variation of external variables (,).
A similar example was recently studied in connection with
the quantization of atomic motion in optical molasses.'®

B. Qualitative Explanation of the Cooling
For 6 > 0, as shown in Fig. 1(a), the electric field of the
laser shifts the level g to higher energy. Because s << 1,
the atom is primarily in g or ». When it is in the state g
(more precisely, in the dressed state, which contains the
larger admixture of g), it is subject to an additional poten-
tial energy Up(x), which is a function of x proportional to
the laser intensity. For the conditions of Fig. 1(b) the ef-
fect of this potential for the limited range of the atom’s
motion is to give an additional force in the +x direction.
A crude explanation of the Sisyphus cooling is the fol-
lowing: As the atom oscillates back and forth (with fre-
quency w,) in the well Uy(x), it experiences an additional
potential hill U, (x) sloping down toward the +x direction.
The atom is more likely to be transferred to level r by
spontaneous Raman scattering when it is in regions of
higher intensity. Therefore the predominant effect is
that, after the atom runs up the laser hill U, (x) in the —x
direction (therefore losing kinetic energy), it is trans-
ferred to level r, where U (x) = 0. After a time of order
T, it is transferred back to level g, where on the average it
must run up the hill U(x) again before being transferred
to level r. This leads to a net cooling effect.
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Fig. 2. Qualitative explanation of the cooling. When the atom
is in state r, it experiences the confining potential U,(x), which is
unperturbed by the laser fields. When the atom is in level g, the
potential well is shifted in the +x direction by the dipole force of
the laser. This shifted potential is represented by U,(x). The
laser excitation is assumed to be weak enough that the atom
spends a negligible amount of time in level e. Therefore the
spontaneous Raman transitions g — e — r can be represented by
transitions between g and r such as those indicated by (I) and (II)
in the figure. Process (I) is favored more than process (II) be-
cause, when the atom is on the left-hand side of the well U,, the
chance of g — e excitation is higher since the laser intensity is
higher [see Fig. 1(b)]. Process (I) leads to cooling because the
atom drops to a lower part of the well U,. Process (II) causes
heating and, along with the heating resulting from recoil, eventu-
ally balances the cooling, resulting in a minimum energy.

A more accurate explanation is the following: When
the atom is in the state g, it experiences the combined
potential Uy + U, = Uy, which is a well with frequency w,
shifted by an amount Ax, in the +x direction (upper part
of Fig. 2). When the atom oscillates in the —x direction
in the well U,, it is more likely to be transferred to level r
by spontaneous Raman scattering because the laser inten-
sity is higher. It can therefore drop into a lower part of
the unshifted well U.(x) = U,(x), keeping the same posi-
tion x since the duration I' ' of the transfer process is
much smaller than the oscillation period w,™" in the bind-
ing potential. It therefore loses potential energy [process
() of Fig. 2]. After a time of order T, (which is indepen-
dent of the position x), the atom is transferred back to
level g and the process is repeated. Heating, as illus-
trated by process (II) in Fig. 2, in which the atom gains
potential energy, can also occur but is less favored because
the laser intensity is less in the +x direction.

Spontaneous Raman scattering (g — e — r) occurs at a
rate proportional to the intensity, which according to
Eq. (1) can be expressed as

2

Emax 2
Ry % =2 cos'(kx) = I(x = 4—1){1 - Zk(x - 4—7;)}
(4)

The term —2kx{(x = mw/4k) is responsible for the cooling.
The term that is independent of x causes heating because
of two effects. First, for each scattering event, photon
recoil causes an average increase in energy 2R.”® Second,
when the atom changes from level g to level r, the well
switches from U, to U,. As we will see in Section 3, the
corresponding potential energy change, when it is aver-
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aged over one oscillation period, leads to heating. A simi-
lar effect occurs in the transitions from r to g. The
balance of the cooling with these sources of heating yields
the minimum kinetic energy for the atom. Since § > 0,
there is some additional Doppler or spontaneous force
antidamping that tends to increase the atom’s energy; this
is shown in Subsection 5.B to be negligible for the condi-
tions assumed here.

The cooling is the same when the atom’s well is in a
region of positive slope [e.g., x = 37/4k in Fig. 1(b)]. The
cooling effect goes to zero when the well is centered at
points of zero slope [e.g., x = 0, 7/2k, and /& in Fig. 1(b)].

3. SEMICLASSICAL TREATMENT

In this section we treat the external motion of the atom
classically. Such treatment, often called semiclassical, is
valid if the atomic de Broglie wavelength is small com-
pared with the length scale (the light wavelength A) over
which the field varies.? In principle, it should also re-
quire that the extension of the atomic wave packet be
much larger than the size of the ground state of the con-
fining potential. Actually, we will see that the latter con-
dition can be dropped, and the semiclassical and quantum
results are identical even if the atom is mostly in the
ground state of the well.

A. Internal Atomic Dynamics

The internal states of the atom are treated quantum me-
chanically. In the low-intensity domain of interest here
[relation (3)], the optical Bloch equations, giving the evolu-
tion of the atomic density operator, can be simplified by
an adiabatic elimination of the optical coherences (off-
diagonal matrix elements of the density operator between
ground and excited states). We are then left with a set of
rate equations for the populations m;(j = g,r,e) of the
atom’s three internal levels®®?!:

Ty = —Rp.o(x)(mg — m) + Rpm. + (1 — B)Im., (5a)

e = Rg.o(x) (m, — me) = T, (5b)

w = =R, + B, (5¢c)
where

Ry .(x) = (I8/2)cos*(kx). (6)

Since we have assumed that s << 1, the scatter rate
R, ..(x) is much smaller than I" and the population of the
excited state, m,, is small compared with 1. For times
long compared with I'™!, we have therefore approximately

. = my(s/2)cos*(kx), (7
#y = = Ryrx)my + Roogrs, (82)
= =y, (8b)
where
R, .(x) = BRy..(x) = B(I3/2)cos’(kx). 9)

In the limit R, ., R, << w,, and when we use
m, + . = 1, the steady-state solution of Egs. (8) is simply
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where (R,.,) stands for the average of R,_,(x) over the
atom oscillation period for the atom in level g (recall that
we have assumed that R, _, , does not depend on x). The
time constant 7, for the relaxation of these internal vari-
ables is given by

i = (Rgear) + Ryag. (11)

B. External Atomic Dynamics

When the atom is in level r, or when the atom is in level g
in the absence of the laser, the center of the atom’s well is
denoted x,o. Therefore the atom’s harmonic well can be
described by

Ux) = Upx) = Yomw,Hx ~ x,0)% (12)

When the atom is in level g in the presence of the laser
field, the center of the atom’s well is shifted by the laser
light. Using the dressed-state formalism,® we find that
the energy of the state g is shifted by an amount

U(x) = —Z—[wl2 cos¥(kx) + 6%Y% - gé = Uy, cos¥(kx),
(13a)
where
U = hw?/48 (13b)

is the maximum value of U;. Equations (13) are valid for
8 > T,w;. The internal state |g) changes to the dressed
state |g)', but |g)' = |g) in the limit w; << 8. The center
of the atom’s well, x,, when it is shifted by the dipole
potential, corresponds to the spatial minimum of the total
potential for the atom in level g:

Ug(x) = Udx) + ULl(x). (14)

Since the cooling will be a maximum where the intensity
gradient is maximum, we choose kx,, = m/4. Assuming
that the shift Ax, between the two wells is small com-
pared with A/2m, we linearize U, (x) around x, to obtain

U(x) = ULe/2 — RUr(x — Xr0). (15)
The shift Axq is then

Axy = %0 — X0 = 2&(Rx0)x0, (16a)

where
¢ = Un/hw, (16b)

and x, = (#/2mw,)"* is the spread of the zero-point wave
function in the harmonic well. We show in Subsec-
tion 3.D that the minimum kinetic energy is achieved for
Uy = hw,, that is, for £ = 1. Therefore, since we have
assumed the Lamb-Dicke criterion kx, << 1, the shift Ax,
of the well U,(x) that is due to the dipole potential is, for
minimum kinetic energy, much smaller than x, and thus
much smaller than A/2m, as we assumed in deriving
Eq. (16a).
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C. Cooling Rate
The variation of the external (kinetic + potential) en-
ergy E, can be expressed by the equation

E, = m(Ry/(0) [Uix) = Ug)]) + m R, (Uplx) — Uy(x))
+ R eo(x)2R. amn

The first two terms stand for the average change in poten-
tial energy as the atom goes from g to r and from r to g,
respectively. They therefore contain both Sisyphus cool-
ing and the heating that is due to the sudden switching of
the wells. Recoil heating for the g — r transfer is con-
tained in the third term of Eq. (17), and spontaneous force
Doppler antidamping (heating) can be neglected (Sub-
section 5.B). The averages are taken over one oscillation
period in the initial potential [U,(x) for the first term of
Eq. (17) and U,(x) for the second)].

As in relation (4), we linearize the rate R, (x) [Eq. (9)]
around x,o:

Rg.(x) = B(I3/4)[1 — 2k(x — x0)], (18)

and we use the equipartition of energy for the atom oscil-
lating in Uy(x):

E, = 2<%mwu2(x - xg0)2>- (19)

For times long compared with 7., we then obtain, using
Egs. (10) for m, and .,
E, = —(1/r)(E; - Ex), (20a)

where the steady-state energy E,, is

mw,*(Axo) R UL ( )
X0 = + =———11 —
Ex 2k Bz 2 \' | &8
fw, ( 1 )
=+ = 20b)
2 \¢ 7 (
and the Sisyphus cooling time constant 7, is given by
1 4R,.)R.., ( R )
== e (2 ) g 20
2 " By) + Rog \hay) € (200)

For the conditions of interest (¢ = 1, R/hw, << 1), one can
check that 7, >> 7iy.

D. Cooling Limit

In steady state the atom’s external energy is reduced to
E, [Eq. (20b)]. E,;is minimized when the laser intensity
is adjusted to make £ = Up/hw, = B~ in which case

E. ™" = hwu/\/é = Up. (21)

From the second expression in Eq. (21) the minimum ex-
ternal energy is equal to the depth of the wells created by
the standing-wave laser beam. This agrees with the re-
sult of Sisyphus cooling of free atoms.® When g = 1, this
predicts an energy near the zero-point energy for the
ion in its well. In such a situation we might question the
validity of this approach, which treats the atomic motion
classically. Therefore it will be useful to compare
the cooling limit derived here with the results from a
quantum-mechanical treatment of the atom’s motion.
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Ny =2
e 1"
Ne = 1 |e,ne>
p
|9, ng >’ —n,=2
—_— r, N> n:=1

Fig. 3. Diagram for the cooling when the motion is quantized.
Each electronic state has a sublevel structure of harmonic-
oscillator levels labeled by the quantum numbers n;, wherej = g,
e, or r. Cooling is represented by scattering processes of the
form ngy — n. — n,, where n, < n,. This may be viewed as due
to spontaneous Raman scattering off states |g,n,)’ and [e, n.)",
which are dressed by the laser.

4. QUANTUM TREATMENT

A. Transition Rates

In this section we treat the atom’s motion in its well quan-
tum mechanically. We describe the cooling process as
shown in Fig. 3, where laser photons undergo spontaneous
scattering from the dressed states, which now include the
perturbed harmonic-oscillator states (denoted by primes
and double primes).

Cooling results from spontaneous Raman scattering
processes of the form |g,n,)’ — le,n.)” — |r,n,), where
n, < n,. States |g,n,) and e, n,)" are assumed to be
dressed by the standing-wave laser field. We can calcu-
late the cooling and the cooling limit as was done in
Ref. 19. For practical purposes the cooling rate is ade-
quately represented by the semiclassical treatment of
Subsection 3.C. Here we are interested primarily in the
cooling limit, since the semiclassical treatment predicts a
minimum energy approximately equal to fw,. We can
calculate the minimum energy, using Eq. (27) of Ref. 19.
It will be more instructive, however, to calculate the rates
for each process n, — n, separately. According to Ref. 19,
these rates can be written as

B (n]exp(—ik, - X|n,)"{(n.|"}f(X)|ng) |?
Fg,ng—rr,n, - C % 6 - (Ene — Eng)/h + lF/Z ,

(22)

where C is a factor that includes the laser intensity (at the
position x = w/4k) and matrix elements for the g — e
transition, X is the atomic position operator, and Kk, is the
wave vector for the scattered photon. For simplicity we
will assume the scattered photon to be in either the +x
or the —x direction, so that k, - X = +kX. f(X)is a
function representing the x dependence of the laser’s elec-
tric field amplitude near x = w/4k; from Eq. (1), f(X) =
1 - k(X —- x,0). E, and E,, are the energies of the indi-
vidual harmonic-oscillator levels for the excited and
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ground states, respectively. The sum is performed over
all possible excited harmonic-oscillator states.

Since we have assumed that § > w,, the denominator
in the sum in Eq. (22) can be approximated by 8. This
amounts to neglecting Doppler antidamping; the validity
of this approximation is discussed in Subsection 5.B.
With this approximation and the closure relation over the
states |n.)", Eq. (22) simplifies to

Fg,ngqr,nr = ﬂ(C/az)l(n,[exp(—iks " X)f(X) lngyl 2. (23)

When B # 1, we must also consider scattering directly
back to the ground state from the excited state. These
direct rates give rise to additional recoil heating for the
& — e — g scattering process:

Dynemane = (L= B)(C/3%)] {(n,*] texp(— ik, - X)F(X) |ng)|?,
(24)

where n,* is the final harmonic-oscillator state in the di-
rect scattering process. Finally, we must consider the
change in harmonic-oscillator energy levels in the transi-
tions r — g. As in the semiclassical treatment, this leads
to a heating resulting from the sudden switching of the
harmonic well (even without any spatial variation of the
transfer rate R,_,;). This process is described by the rate

Lnmgng = Cllng Hino)?, (25)

where C’ is a constant characterizing the rate of the
r — gprocess. In Subsection 4.D these rates will be used
in a master equation for the populations of the harmonic-
oscillator levels. Before that is discussed, two preliminary
steps are required. First we must find an expression for
the perturbed harmonic-oscillator wave functions.
Then we will obtain simple expressions for the rates in
Egs. (23)-(25).

B. Dressed Harmonic-Oscillator Wave Functions

As we discussed in Section 1, the dipole force acts uni-
formly over the extent of the wave functions of interest in
the Lamb-Dicke limit. Therefore the effect of this dipole
force is simply to shift the center of the harmonic-
oscillator well for the g state to x,, + Ax,, the value calcu-
lated semiclassically. (This can be explicitly verified by
the use of second-order perturbation theory to dress the
wave functions.) The wave functions |n,)’ are simply
obtained by using the spatial translation operator

|ngy = exp(—iAxoP./h) |n,), (26)

where P, is the x component of the atomic momentum
operator.

In the following, we will require both the position and
momentum operators X and P, in terms of raising and low-
ering operators o' and a:

X = xola' + @), 27
P, = ixgmw,(a' — a). (28)

C. Evaluation of the Rates
Using Eq. (26) in Egs. (23)-(25), we find that

Ty ngorn, = B(C/5?)| ()| Ay|ng))?, (29a)
rg,ngag,ng* =(1-8) (0/52)|<ng*|A2|ng>!27 (29b)
Tnmgng = Cllng Asln,)|?, (29¢)
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where
Ay = exp(-ik, X)f (X)exp(-iAx,P,/h), (30a)
Ay = exp(iAxo P./h)exp(—ik, X)f (X )exp(—idxo P./h),
(30b)
Az = exp(—iAxyP/h) (30c¢)

and where k;, = +k, depending on the direction of the
spontaneously emitted photon (assumed to be along the
+x or the —x direction).

We now replace the position and momentum operators X
and P, in A,, A,, and A3 by their expressions in terms of a
and a’ [Egs. (27) and (28)]. It is convenient to change the
origin of the x axis to x,, in which case f(X) =1 - kX
Since kxo(n + 1)"? << 1 (Lamb-Dicke criterion), we keep
only terms in first order in kxoa or kx.a’. This gives

Ay =1 — kxa'(l - £ + ik,/k) + a(l + £ + ik,/k)],

(81a)
Ay =1~ kxoa’ + a)(1 + iks/k), (31b)
As =1 + ¢kxola — al). (31c)

Therefore, in the Lamb-Dicke limit, the important rates
are those for which the vibrational quantum number
changes by 1, and we have

C
I-‘g,ﬂ«»r,n = ﬁ? = Rg-*r’ (32a)
rg,n—»r,ni»l = Rg—»r(kxo)z(n + 1) [1 + (1 - 6)2]) (32b)
Lonorno1 = Rgo(kxo)n[1 + (1 + €)%, (32¢)
Tonegn = C' = Ry, (32d)

n+1
Fr.n—»S.nH = Rr%g(kxO)Z(n + 1)§2 = ( n )Fr,n—'g-n—ly
(32e)

) rg, n—sg,n—1-
(32f)

- +1
Tynegnes = l—B—BRHZ(kxoﬂn £ 1) = (”

D. Rate Equations and Cooling Limit
A master equation for the populations takes the form

n+l

‘ﬁ'g,n = z 2 (_rg,ndi,n"n'g,n + Fi,n’—»g,n'n'i,n')’ (333)

n'=n-1i=gr
n+l
ﬁr,n = E (_rr,n»g,n'ﬂ'r,n + Fg,n’—»r,n'ﬂg,n')’ (33b)
n'=n-1

where m,, denotes the population with internal state g
and external state n, etc. As expected, in steady state
these equations show, after a little algebra, that the total
population going from n to n + 1 is equal to the total pop-
ulation going from n + 1 to n. That is,

(rg,n—ar,rwl + Fg,n—»g,n+l)7rg,n + Fr,n—»g,n+l17r,n
= (Fg,n+l—-r,n + Fg,n+1—>g,n)7rg,n+l + I-‘r,r:+1—>g,n77'r,n+1- (34)

In order to exploit this result, we now look for an approxi-
mate expression for 7, , and m, , as a function of the total
population of level n (m, = m,, + m.,). Equations (33),
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written for steady state, give a relation between =, ,, ; .,

Tgnzly a0d ey, I we aSSume that € i not laree come
pared with 1 and recall that kxo(n + 1)2 << 1, then
Egs. (32) and (33) give Ty nern@gn/Trnognirn =
1+ 0[(r + 1) (kxy)?], so

Iﬂr n-gn
Tgn = — 21280 (35a)
" Fg,n—-r,n + Iﬁr,n——ng,n "

. Fg, nor,n
Trn =

rg, n-r.n + Fr, n—gn Trn ’ (35b)

Substituting relations (35) into Eq. (34) and using
Eqgs. (32), we obtain

Tt _ 1+ PEE -1
m 1+ BEE+ 1)
where we have neglected terms of order (n + 1) (kxo)? and

higher. For ¢ << 1, we have m,ii/m, = 1. w4 /m, is
minimized for ¢ = Uy /hw, = B2, in which case

(Trn.+l) - 2 - vﬁ_
Tn /min B 2+ \/B_

Since, according to Eq. (86), m,1/m, is independent of n,
we can write

(36)

(37)

n h v
Tnst _ exp(— @ ), (38)

which shows that the system reaches a thermodynamic
equilibrium. For such a thermodynamic equilibrium,
(n,) = [exp(hw,/ksT) — 117, in which case

(no) =1 + B&(¢ — D)/2p¢. (39)

-1/2

This is minimized for £ = 874, in which case

() = B2 - 1/2. (40)
This corresponds to a minimum energy
E. ™" = hw,(n,) + 1/2) = hw, 877, (41)

in agreement with the semiclassical answer [Eq. (21)].
This remarkable agreement between the semiclassical
and quantum theories can be interpreted in the following
way. The motion of a quantum particle in a harmonic
well is governed by the same basic equations as those for
the classical motion. (This is particularly clear in the
Wigner function approach and is a particular feature of
the harmonic potential) Consequently, the only place
where Planck’s constant plays a role in the problem here is
in the recoil heating, where R = #%%/2m, and this recoil
is handled in the same way in both treatments. There-
fore it should not be surprising that both approaches lead
to the same minimum energy, even though this energy is
close to the zero-point energy in the quantum well.

5. DISCUSSION

A. Cooling Rate

It is interesting to compare the rate for the Sisyphus cool-
ing discussed here with the rate for Doppler cooling.
Doppler cooling can be represented in Fig. 1 by the con-
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ditions B = 0 and § < 0. The rate for Doppler cooling has
been calculated by many authors; for example, from
Eq. (19a) of Ref. 22 the cooling rate is

ol = —2Rsphk28p{m[(T/2)2 + 8,77, (42)

where Rgp is the total scattering rate, the subscripts D
stand for Doppler cooling, and the intensity is assumed to
be below saturation (s << 1). For minimum temperature
using Doppler cooling, we want 6p = —1/2. For this case,

751 = 4Rgp R/HT. (43)

According to Eq. (20c¢), assuming, for example, that
R._.; > (Re-,) (that is, m,=1), the ratio of rates for Sisy-
phus cooling and Doppler cooling is

' _ (L ﬁﬁg;ﬁ)
™! (wu)( Rsp £ “4
Therefore, for the minimum-temperature case (¢ = 1), the
ratio of Sisyphus cooling to Doppler cooling is approxi-
mately given by the ratio (I/w,)((R,..)/Rsp). For
(R,-..)/Rsp=1, Sisyphus cooling is faster by T/w..
Comparing the Sisyphus cooling rate with the cooling
rate in the resolved sideband limit'**! is not so straight-
forward because the conditions in which each applies are
different. For efficient sideband cooling (in a two-level
atom), we want 8 = —w, and T’ << w,, and these condi-
tions are incompatible with relation (2). Therefore a
comparison of cooling rates depends on the specific atomic
system considered. The practical advantages of one cool-
ing scheme over the other will also depend on the specific
system investigated; this will depend, for example, on
the availability and the ease of operation of the re-
quired lasers.

B. Contribution of Doppler Antidamping in Sisyphus
Cooling

For the model considered here (8 > 0), Doppler cooling is
turned into an antidamping term. We can use Eq. (42) to
check that this heating effect can be neglected compared
with Sisyphus cooling. For the situation of interest here
(6 > I), we have

o= ()= () s ) ()

(45)
By comparing with Eq. (20c), we find that
-1
TD 1 [0
=|{—|— 1. 46
s (B§) 5 (49

Therefore we may neglect the effects of Doppler anti-
damping compared with Sisyphus cooling except when
B << 1.

C. Cooling Limit

The minimum energy for Doppler cooling is #I/2. There-
fore, according to Eq. (21) or (41), the minimum energy for
Sisyphus cooling will be smaller than that for Doppler
cooling by the approximate ratio o,/I' << 1. Conse-
quently, the Sisyphus cooling rate is more efficient (at low
temperatures, where the Lamb-Dicke criterion is satis-
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fied) and the Sisyphus cooling limit is smaller than that
for Doppler cooling. The minimum energy for sideband
cooling and Sisyphus cooling is approximately the same,
since the ion can be cooled to near the zero-point energy
(hw,/2) in either case. However, for some applications it
may be desirable to cool to (#,) << 1, in which case side-
band cooling appears to be the appropriate choice.

6. POSSIBLE EXPERIMENTAL
CONFIGURATIONS

To give an idea of how Sisyphus cooling might be employed,
we consider the example of a single, trapped **Mg* ion in a
magnetic field B. To make the problem tractable, we
will consider only the cooling of one degree of freedom,
namely, the axial oscillation in a Paul rf trap or a Penning
trap. To be consistent with the notation above, we call
this the x degree of freedom. We will also make the sim-
plifying assumption that the scattering rate for cooling
the other degrees of freedom is adjusted so that, on the
average, the recoil heating of the axial degree of freedom
appears to be due only to reemission along the +x or the
—x direction from the laser that cools the axial degree of
freedom. This is consistent with the assumption made in
the calculations of Sections 3 and 4.

The relevant internal energy levels are shown in
Fig. 4(a). We assume that a linearly polarized standing-
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Fig. 4. The cooling described in the text could be approximately
realized by a trapped **Mg” ion in a magnetic field. A specific
case is illustrated for the levels labeled g,¢,and r in (a). Transfer
from level r to level g could be realized with microwave radiation
tuned to the r — g transition. This transfer could also be ac-
complished by spontaneous Raman transitions r — e’ — g by
using a traveling-wave laser beam (laser 2 in the figure) tuned to
the r — e’ transition. In this case additional recoil heating must
be accounted for (see the text). Another case that would apply to
an ion or an atom with an outer unpaired electron and a spin 1/2
nucleus (and no intermediate electronic states) is shown in (b).
Here the magnetic field is assumed to be small enough that
the Zeeman structure is unresolved. Transfer from r to g
through spontaneous Raman transitions (laser 2) is indicated in
the figure.
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wave laser beam (k vectors parallel and antiparallel to x)
is tuned above the 2Si;(m; = +1/2) — *Pyy(my = —1/2)
transition frequency by an amount § [laser 1 in Fig. 4(a)].
We assume that B (parallel to x) is large enough that
hé << 2upB/3, where pp is the Bohr magneton. This en-
sures that there will be negligible excitation on transi-
tions other than those of interest. One situation for
approximate realization of the cooling limit described in
Subsections 3.D and 4.D is the following: First we leave
laser 1 on long enough that the ion is pumped to level r
with high probability [from Fig. 4(a), 8 = 2/3)]. We then
turn laser 1 off and transfer ions from level r to g with a
microwave 7 pulse. (To accomplish the transfer, we need
not as-sume that the duration of the 7 pulse is less than
w, ') Laser 1 is then turned on again, and the process is
repeated. When laser 1 is turned back on, we assume
that it is accomplished in a time long compared with w, ™’
but short compared with R,_.,™", so n, is unchanged as |g)
becomes dressed. As far as the cooling limit goes, this
situation is actually somewhat better than the model that
we have assumed in Section 2 because we avoid the heat-
ing resulting from well switching in the r — g transition.
Mathematically, this amounts to setting A; =1 in
Eq. (29¢). In this case the steady-state energy would be
given by (n,) = [2 + B&(¢ — 2)]/48¢  This would be mini-
mized for ¢ = (2/8)"%, in which case (n,)min = (28)7Y
2 - Y. For B = 2/3,(n,)mmn = 0.37.

Experimentally, it might be easier to accomplish the
r — g transfer with a second, traveling-wave laser beam
tuned near the 2S,,;(my = —1/2) = %P3, (my; = +1/2)
transition [laser 2 in Fig. 4(a)]. (Additional cooling could
be obtained with a second, standing-wave laser beam, but
this would be more difficult to arrange experimentally.)
The r — g transfer is then accomplished by spontaneous
Raman scattering with probability 8' = 2/3 for each scat-
tering event from laser 2. This basic scheme could also
be realized on %S,, — ?P,;, transitions in **Mg* or other
ions (atoms) with similar energy-level structure.

Using laser 2 will lead to a slightly higher minimum en-
ergy than our model predicts because of the additional re-
coil heating in the r — g transfer. To account for this
heating properly, we must modify Eq. (17). Therefore
we write

E’ = E, + mR,_,2R), (47)

where E., is given by Eq. (17), B,_. is the excitation rate
from r to e’ [e’ is the *Pys(m, = +1/2) level] that is due to
the second laser, and R,., = 2R,_,/3. In steady state
this amounts to doubling the recoil heating term in
Eq. (17). For this case, E,, = Aiw, (£ + 3/£)/2, which is
minimized for ¢ = V3, yielding E,y = V3 hw, or
(n,) = V3 - 1/2 =~ 1.23.

For **Mg* we take I'/27 = 43.0 MHz and A =
279.64 nm. If we assume that w,/27 = 2 MHz, the
conditions of relation (2) are reasonably satisfied for
8/2m = 1 GHz and w,/27m = 0.118 GHz (obtained from
¢ = V3), in which case R,... ~ 4.68 x 10°s™'. For these
conditions and laser 2 adjusted to make R,.. = R,.., we
have 7, = 17.4 us. For the transitions of interest the reso-
nant cross section is A%/4m If laser 2 is tuned to reso-
nance the required intensity is 5.34 mW/cm®. For one of
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the begms in the standing-wave laser beam, we require
an intpnsity of 5.78 W/em?. To satisfy the condition
hd << (Q we require that B >> 0.107T. The effective
temperature of the ion is given by

T = hoo/[ks In(l + (n,) 1)]. (48)

For (n,) = 1.23, T = 016 mK. For the same transition
the Doppler cooling limit is {n,) = 10, corresponding to
T =1mK. For (n,) <1, Eq. (48) shows that the tem-
perature is only logarithmically dependent on {n,). To
achieve lower temperatures, we require w, to be lower, but
if we make w, too low, we violate the condition kx, << 1
(in the example above, kx, = 0.23).

Another scheme that might be used to cool an ion in a
rf trap in a low magnetic field is illustrated in Fig. 4(b).
This would work for Hg* ions, for example. Laser 1
provides the Sisyphus cooling, and laser 2 [or microwave
radiation between the %S, (F = 0) and (F = 1) levels]
provides the repumping into level g. Similar schemes
exist in other ions or atoms.

Experimentally, it may be difficult to make the center
of the atom’s well coincide with the point of maximum
intensity gradient. One way around this problem for the
standing-wave configuration would be to permit the
standing wave to run over the center of the atom’s posi-
tion. This could be accomplished by the construction of
a moving standing wave composed of two counterpropa-
gating laser beams separated by frequency w,. When
R,., << wn, << w,, the above expressions hold, with the
magnitude of the intensity gradient replaced by its value
averaged over the standing wave.

7. SUMMARY

We have examined Sisyphus cooling for a bound atom for
the condition in which the radiative linewidth I' is much
larger than the oscillation frequency w, of the atom in its
well. We have studied the strong-binding limit, which is
given by the condition that the recoil energy be much less
than the zero-point energy of the atom in the well. We
have examined the cooling, using a simple three-level
model for the internal states of the atom. We have as-
sumed that the atom is confined in one dimension and
cooled by a standing-wave laser beam. This model can be
generalized to more-complicated cases. Since the mini-
mum energies are near the zero-point energy of the atom
in its well, we have examined the cooling limit, treating
the atom’s motion both classically and quantum mechani-
cally. Within the approximations of the model the cooling
limits are found to be the same.

We found that the minimum energy of the atom occurs
when the depth of the dipole potential well created by the
standing wave is approximately equal to the zero-point en-
ergy of the atom. In this case the minimum energy of the
atom is given by the condition that the mean occupation
number (n,) of the atom in its well be approximately equal
to 1. If we compare Sisyphus cooling with Doppler cool-
ing, which operates on the same type of broad transition
(' >> w,), we find that Sisyphus cooling is much more ef-
ficient for both the cooling rate (as long as we are in the
Lamb-Dicke limit) and the cooling limit. Sisyphus cool
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ing leads to a temperature nearly as low as that result-
ing from sideband cooling without the requirement of a
narrow atomic transition. We have briefly examined
experimental examples that assume atomic ions stored in
traps. The same ideas should apply, however, for neutral
atoms confined by magnetic traps, optical dipole traps, etc.

APPENDIX A: COOLING IN OTHER
INTENSITY GRADIENTS

In the main text we have treated Sisyphus cooling in a
standing-wave laser beam. The main ingredient in the
cooling is that the atom experiences an intensity gradient
along its direction of motion. Therefore it is useful to
consider cooling in a more general intensity gradient.
The cooling treatment of Section 4 applies, except that we
must replace k in relations (4) and (15), Eq. (16a), and
relation (18) by [dI/dx;]1/2] evaluated at the equilibrium
position of the ion, x,(0). If we define

[dl/dxl] x;(0)

2 1[x(0)] (A1)

then we find that the cooling rate is equal to the cooling
rate of Egs. (20) multiplied by ¢? and the cooling limit
(from the condition E, = 0) is given by

1+ 1/6°0°8

E, = ULO——?——' (A2)

This limiting energy is minimized for ¢ = (2/8¢(H)"% 1
which case

E.,"" = ho A VB. (A3)

As an example, consider cooling in the intensity gradi-
ent of a focused traveling-wave Gaussian laser beam
whose intensity in the direction transverse to the axis of
the beam is given by I(x;) = I, exp(—2x.%/w,?), where wy is
the beam waist. If we assume that the atom is nominally
localized to the position where I[x,(0)] = I,/2, then
x:(0) = =[(In 2)/2]**w,. For this condition, { =
[(An 2)/2721Y%A/w,). For a given w,, the cooling rate is
reduced by the factor {2, and the minimum energy is in-
creased by the factor ¢{~!. However, in certain experi-
ments this cooling might still be useful, because the region
over which this intensity gradient is linear is larger and a
standing-wave laser beam is not required. Therefore the
condition Aiw, >> R need not be satisfied. On the other
hand, the minimum achievable energy is larger than the
recoil energy. This can be shown with the fact that the
relative variation of I(x) over the spatial distribution cor-
responding to Eq. (A3) should remain much less than 1.
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Hg* Single Ion Spectroscopy*

J.C. Bergquist, F. Diedrich,! Wayne M. Itano, and D.J. Wineland
Time and Frequency Division
National Institute of Standards and Technology
Boulder, CO 80303, USA

Introduction

A single ion in an electromagnetic trap can be localized in a small
volume and held for a long period of time. A trapped ion also can be
isolated from collisions and other perturbations and laser cooled to low
temperatures. By monitoring the presence or absence of fluorescence from
a strongly allowed transition, one can detect each transition to a
metastable state. These characteristics make it possible to study the
spectrum of a single ion with great precision. The vibrational energy
states of the bound ion are quantized. We have used laser-sideband-
cooling to drive the ion to the lowest energy level of the harmonic well
of the trap.

Experiment
A mercury atom that is ionized by a weak electron beam is captured

in the harmonic well created by an rf potential applied between the
electrodes of a miniature Paul trap (1,2). The ring electrode has an
inner diameter of about 900 gm and is placed symmetrically between two
endcap electrodes that are separated by about 650 um. The frequency of
the rf potential is about 21 MHz. Its amplitude can be varied up to

1.2 kV. The classical motion of the ion consists of a small-amplitude
oscillation, at the frequency of the applied rf potential, superimposed
on a larger-amplitude harmonic motion, called the secular motion. The
frequencies of the secular motion depend on the strength of the rf field
(and any static field applied to the electrodes) and were typically 1-4
MHz. The ion is laser cooled to a few millikelvins by a few microwatts
of 194 nm cw laser radiation (3) that is frequency tuned below the

5d'%6s %5, - 5d'%6p %P, first resonance line (1,4). In order to cool all
motional degrees of freedom to near the Doppler cooling limit (T = Avy/2ky
= 1.7 mK) the 194 nm radiation irradiates the ion from 2 orthogonal
directions, both of which are at an angle of 55° with respect to the
symmetry (z) axis of the trap. The 282 nm radiation that drives the
narrow 5d'%6s 25, - 5d%6s? 2Dy,, transition is obtained by frequency-
doubling the radiation from a narrowband cw ring dye laser. In the long
term, the laser is either stabilized by FM optical heterodyne
spectroscopy to a saturated absorption hyperfine component in 291, (5)
or directly to a stable high finesse reference cavity (6). The frequency
of the laser is scanned by an acousto-optic modulator that is driven by a
computer controlled synthesizer. Up to a few microwatts of 282 nm
radiation could be focussed onto the ion in a direction
counterpropagating with one of the 194 nm light beams.

Optical-optical double resonance (electron shelving) (1,2,4,7-11)
with a net quantum amplification in excess of 100 at 10 ms is used to
detect transitions driven by the 282 nm laser to the metastable 2Ds,,
state. The fluorescence from the laser-cooled ion is constant when it is
cycling between the ZS)i and ZP& states and zero when it is in the
metastable 2D, ,, state (1,4,7,8). Thus the 2S, - 2D,,, resonance

*Work of U.S. Government; not subject to U.S. copyright.

tPresent address Gsanger Optoelektronik GmbH, Planegg,
Federal Republic of Germany
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spectrum is obtained by first probing the S-D transition at a particular
frequency near 282 nm, then turning off the 282 nm radiation, turning on
the 194 nm radiation, and looking for 194 nm fluorescence. The two
radiation fields are alternately applied to avoid light shifts and
broadening of the narrow S-D transition. The absence of 194 nm
fluorescence indicates that a transition into the metastable D state has
occurred; its presence indicates that the ion has remained in the ground
state. The 282 nm frequency is then stepped and the measurement cycle
repeated. Each new result at a particular 282 nm frequency is averaged
with the previous measurements at that frequency. The normalization of
the signal is 1 for each measurement of high fluorescence and 0 for each
measurement of no fluorescence. The high fluorescence level makes it
possible to determine the state of the atom with almost no ambiguity in a
few milliseconds. Thus, it is easy to reach the quantum noise limit of a
single atomic absorber (1). Figure 1 shows the signal from an 8 MHz scan
of the 282 nm laser through a Zeeman component of the S-D transition in
198Hg* (1). The Doppler-free central feature (carrier) and the motional
sidebands due to the secular motion of the cold ion are fully resolved
(12,13). The number and strength of the sidebands are a direct measure
of the amplitude of the ion’s motion and of its temperature.

In Fig. 2, we show a high resolution scan through the Doppler-free
resonance of the 2§, (F = 0, mp = 0) - 2Ds,,(F = 2, m; = 0) transition in
198Y4g* which is first-order field independent at a magnetic field
B = 0. The full width at half maximum (FWHM) is approximately 86 Hz at
563 nm (172 Hz at 282 nm). This corresponds to a fractional resolution
of better than 2x107!3 (Q = 5x10'%2)_. For this trace the laser was
spectrally narrowed by locking to a mechanically, acoustically and
thermally quiet reference cavity that had a finesse of about 60,000. The
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Fig. 1. On the left is a simplified energy-level diagram for !9%Hg*.
The 282 nm transition can be observed by monitoring the 194 .nm
fluorescence. If the ion makes a transition from the %S, to the 2Dy,
level the 194 nm fluorescence disappears. For the figure on the right,
the relative detuning from line center is plotted in frequency units at
282 nm. On the vertical axis is plotted the probability that the 194 nm
fluorescence is on immediately after the 282 nm pulse. The Doppler-free
recoilless-absorption-resonance or carrier (central feature) can provide
a reference for an optical frequency standard. (From Ref. 1)
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Fig. 2. High resolution scan
through the Doppler-free reso-
nance of the 2S5, (F =0, my = 0) -
2Dy, ,(F = 2, mz = 0) transition
in a single laser cooled !9%9%Hg*
ion. A frequency doubled and
stabilized 563 nm laser (v =
5%x10'* Hz) is stepped through the
e resonance in 25 Hz increments.
050 . \ . R \ The full width at half maximum is
—-375 -250 -125 O 125 250 375 about 86 Hz. The integration

Laser detuning (HZ) time per point is about 0.5 s.

1.00

frequency of the laser fluctuates less than 50 mHz relative to this
reference cavity. This is determined from the measurement of the noise
in the error signal. The actual frequency fluctuations of the laser are
governed by the stability of the mechanically and thermally isolated
reference cavity (6). The natural linewidth of the § - D transition is
approximately 1.7 Hz (2). The measured linewidth in Fig. 2 is likely
limited by low frequency fluctuations in the length of the stable
reference cavity (14). Better mechanical isolation of the reference
cavity might permit us to reach the 1.7 Hz resolution limit.

The possibility of cooling the Hg' ion further, to the zero point
energy of motion, is intriguing for several reasons. Cooling so that the
average occupational number <n,> for the motional energy of the bound
atom is zero is a fundamental limit to laser-cooling for any bound
particle (1,15) and forces a quantum mechanical treatment of the atom-
trap system. Driving a single atom in a macroscopic trap to the zero
point energy of motion exploits the benign environment near the center of
an rf trap. Finally, if an ion is prepared in the lowest vibrational
state, experiments such as squeezing the atom’s position and momentum can
be demonstrated (16).

In a rigorous treatment of the ion-trap system, stationary states
do not exist since the trapping potential is time dependent. However,
quasi-stationary states, obtained by solving for the eigenvalues of the
Floquet operator, do exist (17,18). That these states correspond closely
to the stationary states of the pseudo-potential of the rf trap is
verified by the spectrum shown in Fig. 1. The carrier (at frequency w;)
results from transitions in which the vibrational quasi-energy is
unchanged. The upper and lower sidebands, spaced by multiples of the
secular frequencies (w, * nw,), correspond to transitions which increase
or decrease the quasi-energy. Recently, we have cooled a single !98Hg*
ion to the lowest vibrational state (n, = 0) by a method called optical
sideband cooling (15). First, the ion was laser-cooled to a few
millikélvins by radiation scattered from the strong transition at 194 nm.
This reduced the vibrational quantum number to a mean value of <n,> = 12.
The secular frequency was about 3 MHz. Laser radiation tuned to the
frequency of the first lower vibrational sideband (at frequency wy; - w,)
of the narrow S-D transition was then applied to the ion. For each
photon re-emitted at the unshifted carrier frequency, the vibrational
energy was reduced by fw,. After the sideband cooling, laser radiation
of saturating intensity was applied at the lower sideband frequency.
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Absence of absorption indicated that the ion was in the n, = 0 state.
The ion was found to be in the n, = 0 state about 95% of the time.

Starting from the ground vibrational state (n, = 0), the absorption
of a single quantum of energy at a frequency corresponding to the secular
vibrational frequency (w,) would raise n, by one unit. This could be
detected with an efficiency of nearly 100%. Also, it should be possible
to produce squeezed states (16) of the atom’s motion from the zero point
energy state by a sudden, non-adiabatic weakening (and, in general,
shifting) of the trap potential or by driving the atomic motion
parametrically at 2 w,. If after some time the atom could then be
returned to the n, = 0 state by reversing the above procedures, the zero
point energy state could be detected by the absence of the lower
sideband.

We acknowledge the support of the U.S. Air Force Office of
Scientific Research and the U.S. Office of Naval Research. F. Diedrich
thanks the Deutsche Forschungsgemeinschaft for financial support.
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Frequency Standards in the Optical Spectrum®*

DJ. Wineland, J.C. Bergquist, W.M. Itano, F. Diedrich**, and C.S. Weimer
National Bureau of Standards, Boulder, CO80303, USA

1. Introduction

A long standing problem of spectroscopic measurements in the optical region
of the spectrum has been the difficulty of obtaining accurate frequency
reference standards to which spectral measurements can be compared. As will
be discussed in this symposium on the hydrogen atom, this affects the value
of the Rydberg constant as derived from optical measurements in hydrogen. As
the experiments on hydrogen improve, the need for better reference points
becomes more acute.

In this paper, we address two aspects of this general problem. First, we
discuss the problem of frequency standards in the optical spectrum. (An
analogue in the microwave region of the spectrum is the cesium beam frequency
standard.) If one or a few of these reference frequencies can be accurately
calibrated (perhaps by a frequency synthesis chainl) then it may be possible
to compare optical spectra to these standards. As an example of the
precision that might be achieved, we discuss only optical standards based on
stored ions. Second, we discuss the problem of frequency comparison of
unknown frequencies to the standards. Here we primarily restrict discussion

to generation of wideband frequency 'combs'.

2. Optical Frequency Standards

One way an optical standard could be provided is by harmonic multiplication
of a microwave frequency standard in a synthesis chain. By use of this
technique, a laser at 88 THz (3.39 pum) has been made phase coherent with a
microwave oscillator.l The best optical frequency standards may be made by
locking a local oscillator (laser) to an atomic or molecular resonance line.
State-of-the-art accuracies are characterized by measurements on methane

stabilized He-Ne lasers in which reproducibilities in the 10713 range have

* Supported by the U.S. Air Force Office of Scientific Research and the U.S.
Office of Naval Research. Contribution of the U.S. National Bureau of
Standards; not subject to U.S. Copyright.

** Supported by the DFG.

The Hydrogen Atom Editors: G.F. Bassani - M. Inguscio - T.W. Hiinsch 123
© Springer-Verlag Berlin, Heidelberg 1989
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been reported.1 There are many other schemes for optical frequency
standards. 1”3 Here, we will only discuss possibilities with single stored
ions in order to give an idea of what stabilities and accuracies might be

achieved.

3a. Single Ions

The use of single trapped ions as optical frequency standards was suggested
by Dehmelt® in 1973. Since that time, demonstrations of laser cooling,5 1007
detection efficiency,ﬁ'8 and lasers with sub-Hz r:esolut:ion,l’9 have increased
confidence that a single-ion frequency standard is viable. As an example, we
summarize the current statusl0 and discuss future prospects using single Hg+
ions. Similar experiments using different kinds of ions have been reported
at Seattles%»6 and Hamburg,7'11 and other labs are initiating experiments.

In the NBS work, the transition of interest for a frequency standard is
the Hg+ 5d106s 285 > 5d4%s2 2D5/2 quadrupole transition at 281.5 nm shown in
Fig. 1. The 205/2 level has a lifetime of 86 ms, corresponding to a natural
width of 1.8 Hz. Use of the single photon quadrupole transition has an
advantage over two-photon Doppler free transitionsl? because ac Stark shifts
are negligible.

A mercury atom that was ionized by a weak electron beam was captured in a
miniature Paul (radio frequency) trap that has internal dimensions of
I, 2 466 um and z, = 330 um. The rf trapping frequency was 21.07 MHz with a
peak voltage amplitude of about 730 V. The ion was laser cooled by a few
microwatts of cw laser radiation that was frequency tuned below the 6s 285 -
6p 2P£ electric dipole transition near 194 nm. When the Hg+ ion was cold and
the 194 nm radiation had sufficient intensity to saturate the strongly
allowed S-P transition, 2 x 108 photons/s were scattered. With our
collection efficiency, this corresponded to an observed peak count rate of
about 103 s~1 against a background of less than 30 s1,

Optical-optical double-resonance utilizing quantum amplificationl"a'8 was
used to detect transitions of the ion driven by the 281.5 nm laser to the
metastable 2D5/2 state. This method makes use of the fact that the 194 nm
fluorescence intensity level is bistable; high when the ion is cycling
between the S and P states (the "on'' state) and nearly zero when it is in the
metastable D state (the "off" state). The fluorescence intensity in the on
state is high enough that the state of the atom can be determined in a few
milliseconds with nearly 100Z efficiency. The full measurement cycle was as

follows: A series of measurements of the 194 nm fluorescence was made, using
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a counter with a 10-ms integration period. As soon as the counter reading

per measurement period was high enough to indicate that the ion was in the on

rr 17T T T T T T I T TrT

Quantized Fluorescence Signal

32 S S O O T O S T O O S
-4 -2 0 2 4

Frequency Detuning (in MHz)

Fig. 1. On the left is a simplified energy-level diagram for 198Hg+. The
281.5 nm quadrupole 'clock" transition can be observed by monitoring the 194
nn fluorescence. If the ion has made a transition from the 255 to the 2D5/2
level the 194 nm flourescence disappears. For the figure on the right, on
the horizontal axis is plotted the relative detuning from line center in
frequency units at 281.5 nm. On the vertical axis is plotted the probability
that the fluorescence from the 6s 235 - 6p 2P£ first resonance transition,
excited by laser radiation at 194 nm, is on immediately after the 281.5 nm
pulse. The electric-quadrupole-allowed S-D transition and the first-
resonance S-P transition are probed sequentially in order to avoid light
shifts and broadening of the narrow S-D transition. The recoilless
absorption resonance or carrier (central feature) can provide a reference for

an optical frequency standard. (From ref. 11)

state, the 194-nm radiation was shut off and the 281.5 nm radiation was
pulsed on for 20 ms. Then, the 194 nm radiation was turned on again, and the
counter was read. If the reading was low enough to indicate that the ion had
made a transition to the 2D5/2 state (the off state), the signal was defined
to be 0. Otherwise, it was defined to be 1. The 281.5 nm laser frequency
was then stepped, and the cycle was repeated. As the 281.5 nm laser
frequency was swept back and forth through the resonance, the quantized
measurement of the fluorescence signal at each frequency step was averaged

with the previous measurements made at that same frequency. Since we could
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detect the state of the ion with nearly 1007 efficiency, there was
essentially no instrumental noise in the measurement process. Occasionally,
while the 194 nm radiation was on, the ion decayed from the ZPQ state to the
metastable 2D3/2 state rather than directly to the ground state.l3 This
process led to a background rate of false transitions which was minimized by
the quantized data-collecting method described above and by decreasing the
194 nm fluorescence level thereby decreasing the 2P5-2D3/2 decay rate.
Neglecting decay to the 2D3/2 level, the quantized measurement scheme removes
any contribution to the signal base line due to intensity variations in the
194-nm source. The 281.5 and 194 nm radiation were chopped so that they were
never on at the same time. This eliminated shifts and broadening of the
narrow 281.5-nm resonance due to the 194 nm radiation.

Figure 1 shows the signal from an 8 MHz scan of the 281.5 nm laser through
a Zeeman component of the ion. The central feature or "carrier" can be the
reference for an optical frequency standard. The laser could be servoed to
this resonance by probing on both sides of the resonance to develop an error
signal which forces the average frequency of the laser to the center of the
resonance. Two primary requirements for good performance are: (1) immunity
from and ability to characterize systematic frequency shifts (accuracy) and
(2) sufficient signal-to-noise ratio and line Q to reach the accuracy level

in a reasonable length of time (stability).

3b. Stability

If we make the simplifying assumption that the time-domain Ramsey method is
used to interrogate the clock transition, then the frequency stability (two-

sample Allan variancelh) is given asl3

oy(t) = [<(<wedq = <upep>) /20812 = (20fTgo)t . (1)

In this expression, <wy>. is the kth measurement of the frequency of the
locked oscillator averaged over time t, < >, denotes an average over many
measurements, wg is the nominal frequency of the clock transition, and TR is
the interrogation time between pulses in the Ramsey method. Thus oy(t) is a
measurement of the rms fluctuations of the average frequency between adjacent
measurements of duration t. Eq. 1 assumes that optical state preparation
(cooling and optical pumping) and fluorescence detection takes a time much
less than Tg. We have also assumed TR « t(DS/z) and that the frequency of
the 281.5 nm laser changes by much less than (2'1‘R)"1 in time TR. For our Bgt

example, assuming TR = 25 ms, oy(t) 27 x 107163, Therefore, at averaging
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times of 1 s, the measurement imprecision on a single ion should be on the
order of 1 part in 1013 or 1 Hz. Even better performance is expected on ions
with narrower linewidths. To realize such stabilities, very narrow, tunable

lasers are required but this technology is now available.9

3c. Accuracy

The advantage of single ions over other experimental configurations is the
relative immunity from systematic frequency shifts. Laser cooling gives the
lowest second order Doppler shifts for single (as opposed to many) trapped
jons.16 1In the Doppler cooling 1imit,5 the magnitude of the second order
Doppler shift for Hgt ions in an rf trap is fractionally 2.4 x 10718, Laser
cooling to the zero point energy, which has recently been achieved,17 gives
even smaller shifts. One must also account for all perturbing influences on
the ion's internal structure.%18 For example, one must consider the
perturbations due to static and time varying multipole interactions for
electric, magnetic, and gravitational fields. These include atom trapping
field interactions, collisions with neutral atoms, ac Stark shifts due to
laser beams, stray electric and magnetic fields, gravitational red shifts,
etc.

For the 285 > 2D5/2 quadrupole transition in Hg+, the limiting accuracy
may be due to the uncertainty in the interaction of the ZDS/Z atomic
quadrupole moment with static electric fields of quadrupole symmet:ry.["18
The interaction with the quadrupolar electric fields of the trap can be
calibrated since they affect the ion oscillation frequencies of the trap in a
known way. More difficult to control are the effects due to patch fields or
stray charge build up. Shifts may be on the order of 0.1 Hz. We can
significantly reduce the uncertainty due to these shifts, however, by taking
the mean quadrupole transition frequency for three mutually orthogonal
orientations of a quantizing magnetic field. 1In this case, the mean
quadrupole shift is zero. For the 150 > 3P0 transitions of the group IIIA
ions, such shifts are absent.?

Although experimental verification is still lacking, it would appear that
single ion optical frequency standards will eventually yield extremely high
performance. Accuracies and stabilities better than 1 part in 1015 seem

quite feasible; eventually they could exceed 1 part in 1018,

4. TFrequency Comparison

To appreciate the problem of frequency comparison in the optical region of
the spectrum one needs only to plot the electromagnetic spectrum on a linear
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frequency scale. The number (and spectral density) of accurate optical
frequency standards is very small to begin with; this is to be compared with
the situation in the microwave spectrum (and below) where commercially
available synthesizers provide state-of-the-art precision at any frequency.

A laser whose frequency is unknown can be compared to a reference laser by
heterodyne methods to high precision.1 Beat frequency measurements up to 2.5
THz in the visible spectrum have already been made.l® An alternative to
simple heterodyne schemes is harmonic mixing by use of synthesis chains.!
Here, the unknown laser frequency is compared (via heterodyne methods) to a
harmonic of some well known reference line such as the methane stabilized He-
Ne laser at 3.39 um.1

Comparisons can also be made by wavelength methods. These have the
advantage that two lasers of quite different frequency can be compared but
are currently limited in accuracy to about the 10710 ¢o 10-11 range.zo

For high accuracy comparison, heterodyne detection and synthesis chains
are proven methods but have not been demonstrated in the visible yet.
Moreover, since they are somewhat cumbersome and their coverage in the

optical spectrum somewhat sparse, it is useful to pursue alternative methods.

Sa. Wideband Comb Generation

Precise frequencies relative to a frequency standard (at frequency wg) can be
provided by comb generation. If we amplitude or frequency modulate (at
frequency Q) a source at the standard frequency, then spectral components at
frequencies wg t nQ (n an integer) are generated. If n and Q are chosen so
that wy + nQ = w(unknown) then w(unknown) can be precisely determined by

heterodyne methods. The challenge is to make (nQ) very large.

S5b. Amplitude Modulation

As a specific example, let
A(t) = sin(wgt + o) £(t), (2)

where f(t) is periodic with period 27/Q. We will assume £(t) is an even

function and near t = 0, has the form

£(t) = exp[-(t/1)2] (- << D), (3)
where we also assume t « 2n/Q. (See Fig. 2) Expanding A(t) in a Fourier

series, we find
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Alt) = ﬁ‘h;l_ {sin(wotﬂp) (4)

+ Iexp(-(nQT/Z)z) (sin[(wgn@)t+eg] + sin[(wg-n2)t + ”0])}‘

n=1

//.,»7 () \\

| ——

}
o) t=27/Q

Fig. 2. A sine-wave carrier (frequency wy) is assumed to be periodically
amplitude modulated at frequency Q with a Gaussian envelope. Exact frequency
division (wg/Q = integer) is obtained if the phase of the carrier is fixed to

the phase of the modulation envelope.

To make the spectral component at wg * nQ as large as possible we want
nt/2 close to unity. For harmonic generation, wg = Q. For either harmonic
generation or comb generation around a high frequency wg, the comb bandwidth
is approximately equal to 1/1. High order multiplication to the visible or
large bandwidth combs in the visible are difficult to achieve for two
reasons: (1) it is difficult to make T small enough and (2) the modulator
must be sufficiently broadband to pass the fundamental and its harmonics or
sidebands.

We remark that Fig. 2 is characteristic of the output of a mode locked
laser?! or a free electron laser with pulsed input electron beam.22 Mode-
locked lasers have already been suggested as devices for frequency

translation in the optical spectrum.21
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S5c. Frequency Modulation

Consider sine wave modulation of a carrier at frequency wg:
A(t) = Apsinfwgt + Lu sinQt + o]
0 0 Q
o (s)

Ay X Jn(%e) sin[(wp + nQ)t + o],

n=-«

where Aw is the frequency swing. Assume we are interested in the spectral
component at a particular (large) value of n. We make the substitution
Aw/Q = nB, and will limit ourselves to the case where B < 1. From Meissel's

formulad for Ja(nB), for large n and B < 1, we can write

(1-82)% | "
Ja(nB) = B—e-————l [21111(1-;32)’3]'i . (6)
1+(1-p2)z

We can make the spectral component at wg + nQ reasonably large by making B
close to unity or the modulation index Aw/Q close to n. This is the primary

practical problem for n large.

6a. Frequency Division

Using amplitude or frequency modulation of a carrier at frequency wg, we can
achieve exact frequency division if we make sidebands of the carrier to such
low frequency that we can force the condition wg-nQ = (n+2)Q-wg = Q so that
wO/Q = n+l., For example, if we examine Fig. 2, we can achieve exact
frequency division by any means which locks the phase of the carrier to the
phase of the amplitude modulation; that is, the undulations of the carrier do
not "slip" under the envelope of the amplitude modulation. A divider based
on these principles would be quite useful if Q is in the microwave region (or
below) where precise frequency synthesis is possible. Since Q and n could be

freely chosen, any value of wg could be measured in a single device.

6b. Single Electron Frequency Divider

The required extreme amplitude or frequency modulation might be accomplished
with the interaction of an electromagnetic wave (at frequency wo) with a
single electron oscillating at frequency Q. For example, Q might be the
cyclotron frequency of the electron in a magnetic field.

As originally proposed,24 extreme amplitude modulation of the

electromagnetic wave (at the site of the electron) could be accomplished by
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focussing the wave with a fast lens or slow wave structure (miniature
waveguide) onto a portion of the electron's cyclotron orbit. The energy
coupled into the electron at frequency wg-nQ = (n+2)Q-wg = Q is balanced by
synchrotron radiation and phase locking can occur. Lens focussing requires
the electron to be relativistic, vy = (1-(v/c)2)'£ 2 2 to achieve a
significant couplingZA (v = electron speed, ¢ = speed of light). Use of a
slow wave structure would allow use of lower energy electrons.

Driving the electron could also be accomplished using an inverse
synchrotron radiation geometry.z5 Here, a collimated laser beam is made to
coincide with a tangent to the electron's orbit. We require the electron to
be relativistic to achieve a significant interaction. If the laser beam
waist is made much larger than the electron orbit dimensions, then we have
the case of extreme frequency modulation of a plane wave as first analyzed by
Kaplan.26 Here, the electric field at the site of the electron is given by
Eqs. 5 and 6 with B = v/c. Again, we require the electron to be somewhat
relativistic to make J, and J, ;7 sufficiently large (wy-nQ = Q).

In all cases above, the center of the electron's orbit (in the plane of
the orbit) must be held within X(= c/wg). A specific scheme for
accomplishing this is discussed in Ref. 24. At NBS we have initiated a
project along these lines. At first, low order division (n < 10) where wg
and Q are both microwave frequencies will be tried. Aside from the practical
application discussed here, such an experiment is interesting in terms of the

fundamental nonlinear interactions of simple elementary systems.

We thank L. Hollberg and D. Jennings for helpful comments on the

manuscript.
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Progress at NIST Toward Absolute Frequency
Standards Using Stored Ions

D. J. WINELAND, J. C. BERGQUIST, J. J. BOLLINGER, W. M. ITANO, D. J. HEINZEN,
S. L. GILBERT, C. H. MANNEY, anp M. G. RAIZEN

Abstract—Experiments at NIST, whose goal is to realize frequency
standards of high accuracy using stored ions, are briefly summarized.
In one experiment, an RF oscillator is locked to a nuclear spin-flip
hyperfine transition (frequency = 3.03 x 10°® Hz) in *Be* ions that
are stored in a Penning trap and sympathetically laser-cooled. Stability
is better than 3 x 10~'2 t~'/2 and uncertainty in Doppler shifts is
estimated to be less than 5 x 10~'S, In a second experiment, a stable
laser is used to probe an electric quadrupole transition (frequency =
1.07 x 10" Hz) in a single laser-cooled **Hg* ion stored in a Paul
trap. The measured Q value of this transition is approximately 10",
Future possible experiments are also discussed.

INTRODUCTION

NE GOAL of the ion storage group at NIST (for-

merly the National Bureau of Standards) has been to
realize a stored ion frequency standard whose absolute in-
accuracy is less than 1 part in 10'*. Primary design con-
siderations in these experiments have been influenced by
the assumptions that 1) for many ions in the trap, the un-
certainty in the measurement of the second-order Doppler
shift will be the largest contribution to inaccuracy and 2)
the magnitude of the second-order Doppler shift decreases
as the number of ions in the trap decreases.

These assumptions are supported both by experiments
and theoretical analysis [1]-[6]. For a given number of
ions N in the trap the second-order Doppler shift is min-
imized when the secular motion in the Paul trap [2]-[5]
or the cyclotron and axial motion in the Penning trap [1]-
[3] are reduced by some means to negligible values (for
example, by the use of buffer gas collisions [4] or laser
cooling [6], [7]). For the Paul trap, the second-order Dop-
pler shift is then dominated by the velocity in the RF mi-
cromotion [1]-[5]. The basic idea is as follows: in the
quadrupole Paul trap the RF micromotion velocity in-
creases with the distance of the ion from the center of the
trap. As the number of trapped ions increases, space
charge repulsion holds ions farther from the center of the
trap thereby increasing the ion’s micromotion speed and
second-order Doppler shift. For a spherical cloud of ions,
the number of jons N is proportional to the fractional sec-
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ond-order Doppler shift, averaged over the cloud,
(AVm/V0> [2]1-[4]):

= —2.16 X 10" r,M{ Avp,/vy) /Z* (RF trap)
(1)

where r,; is the cloud radius in centimeters, M is the ion
mass in atomic mass units and Z is ion charge in units of
the proton charge. The number of ions for a given second-
order Doppler shift can be increased by using a nonspher-
ical ion cloud geometry in an elongated trap [5]. How-
ever, the basic idea still holds that as the number of ions
increases so does |{ Avp, /vy )|. The second order Dop-
pler shift is minimized for a single ion [6] or for more
than one ion in a trap with linear geometry (discussed be-
low).

In the Penning trap, when the cyclotron and axial ki-
netic energies are reduced to small values, the second or-
der Doppler shift is dominated by the velocity in the ro-
tation of the ion cloud. In this case, N and { Avp, /vy )
are related by [1]-[3]

N = 3.10 x 10" B{ —Avpy/50) '/*

(2)

where B is the trap magnetic field strength in teslas, 2z,
and r, are the cloud height and radius in centimeters, r;
= (5( —Avpy/v5))"*c/Q. (9. is the ion’s cyclotron fre-
quency and c is the speed of light), and Z is the ion charge
in units of proton charge. Equations (1) and (2) are valid
for one species of ion in the trap.

Therefore, for both traps, |{ Avp, /vy )| increases as N
increases and we are faced with a compromise in design.
For good signal-to-noise ratio (SNR) and therefore good
frequency stability, we desire large N. However this in-
creases |{{ Avp,/vp)| and therefore decreases accuracy
because of our inability to measure precisely the velocity
distributions needed to determine { Avp, /v, ). This trade-
off between stability and accuracy has resulted in different
approaches. In the work of one group [4], [8], a stored
19Hg* ion standard with excellent stability has been re-
alized. In these experiments N = 2 X 10° and { Avp, /7o)
=~ —2 x 107'2, so an accuracy of 107" would require a
knowledge of ( v*) to 0.5% precision. This problem can
be reduced in the elongated trap geometry of [5] but, in-

‘ ch(rcl - ré)/Z (Penning trap)
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dependent of the trap geometry, the accuracy can gener-
ally be improved by using smaller numbers.

At NIST the primary goal of stored-ion frequency stan-
dard work has been high accuracy. The preceding argu-
ments have forced us to use small numbers of ions (ap-
proximately 10* or less) that are laser-cooled. The loss in
short-term stability due to reduced numbers can be par-
tially regained by going to very long interrogation times.
These trade-offs are apparent from the expression for sta-
bility if we assume the Ramsey method of interrogation
and assume 100% detection efficiency. For these condi-
tions [3],

0,(1) = (tNTzad) "'? (7 > Ty) (3)
where 7 is the averaging time, Ty is the Ramsey interro-
gation time and wq is the clock transition frequency (in
radians per second). From this expression, we also see
the importance of making w, large.

Of course, to achieve high accuracy, we must also ac-
count for the perturbations due to static and time-varying
multipole interactions for electric, magnetic, and gravi-
tational fields. These include atom-trap field interactions,
collisions, shifts due to uncontrolled electric and mag-
netic fields, and gravitational red shifts. However for more
than one ion in the trap, the dominant uncertainty appears
to be caused by the uncertainty in the second-order Dop-
pler shift.

Below, we briefly discuss experiments at NIST on
stored-ion frequency standards. More detailed accounts
are forthcoming.

°Be* HyYPERFINE CLOCK

In this experiment, an oscillator has been locked to the
(mp=—-1/2,m;=1/2) o (-3/2, 1/2) nuclear spin-
flip hyperfine ‘‘clock’’ transition (w,/27 = 303 MHz)
in the ground state of *Be* (Fig. 1). The basic idea of this
experiment has been described previously [9]-[12]; the
current experiment works as follows [12]: Between 5000
and 10 000 °Be* ions and 50 000 to 150 000 *Mg™ ions
were simultaneously stored in a cylindrical Penning trap
[12] with B = 0.8194 T under conditions of high vacuum
(s107%Pa). Ata magnetic field B of 0.8194 T the clock
transition depends only quadratically on magnetic field
fluctuations, and therefore the accuracy is not limited by
field fluctuations. To minimize second order Doppler
shifts of the clock transition, the Be* ions were cooled
to less than 250 mK in the following manner: The *Mg*
ions were directly laser-cooled and compressed by a nar-
row-band ( ~1 MHz) laser radiation source at 280 nm.
The *Be* ions were then sympathetically cooled [13] by
their Coulomb interaction with the cold Mg* ions (see
Appendix I). A narrow-band 313-nm radiation source was
used to optically pump and detect the *Be ™ ions [9]~[12].
With the 313-nm source tuned to the 2s °S, /, (m; = 3/2,
m; = 1/2)to 2p *P5,,(3/2, 3/2) transition, 94% of the
°Be* ions were optically pumped into the 2s 2, /2(3/2,
1/2) ground state. The 313-nm source was then turned

clock (m), my)

transition
(=312, 1/2)

1=z, 112)
2T 4 1)
F=1 (312, 1/2)

F=2
(312, -1/2)
2, -12)
(<112, -1/2)
(=312, -1/2)

Fig. 1. Hyperfine energy levels (not drawn to scale) of the *Be* 25 °S, /,
ground state as a function of magnetic field. At B = 0.8194 T the 303
MHz clock transition is independent of magnetic field to first order.

off to avoid optical pumping and ac Stark shifts while the
clock transition was driven.

The clock transition was detected by the following
method: After the 313-nm source was turned off, the ions
in the (3/2, 1/2) state were transferred to the (1/2, 1/2)
state and then to the ( —1/2, 1/2) state by two successive
RF 7 pulses. Each pulse was 0.2 s long and was resonant
with the appropriate transition frequency (around 321
MHz and 311 MHz respectively). The clock transition
was then driven by Ramsey’s method of separated oscil-
latory fields in the time domain with RF pulses of about
1-s duration and a free precession time on the order of
100 s. This transferred some of the ions from the (—1/2,
1/2) state to the (—3/2, 1/2) state. Those ions remain-
ing in the ( —1/2, 1/2) state were then transferred back
to the (3/2, 1/2) state by reversing the order of the two
RF  pulses. The 313-nm source was then turned back
on, and the population of ions in the (~3/2, 1/2) state
was registered as a decrease in the *Be™ fluorescence, rel-
ative to the steady-state fluorescence, during the first sec-
ond that the 313-nm source was on. ( The optical repump-
ing time of the ions from the (—3/2, 1/2) state to the
(3/2, 1/2) state was about 10 s.) The sympathetic cool-
ing of the *Be* ions by the continuously cooled Mg™* ions
is necessary if long interrogation times are to be used,
since otherwise the *Be* ions would slowly heat up while
the 313-nm laser is off [11].

The Ramsey signal was used to steer the frequency of
a synthesized RF source [9]-[12]. Ramsey signal mea-
surements were taken near the frequencies corresponding
to the half minimum points on both sides of the center
frequency. The difference in the measured signal strengths
on either side of the line center was used to electronically
steer the average frequency of the synthesizer to w,. Most
runs were taken with a commercial cesium beam clock
(fractional frequency stability o,(7) = 6 X 10712 77C1/D
for measurement time 7 in seconds) as the reference os-
cillator, but a few runs were taken with a passive hydro-
gen maser (0,(7) = 2-3 x 107'2 77(1/2)) a5 the refer-
ence oscillator. Stabilities of the “Be* clock are measured
to be better than 3 x 107" 771/ for the number of ions
used, which is within a factor of 4 of the theoretical max-
imum stability given by (3). The systematic offset of our
measurement due to the second-order Doppler frequency
shift was dominated by the velocity in the rotation motion
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of the ions about the trap axis. This shift was measured
tobe (—1.2 £ 0.5) x 107

An apparent pressure shift with an unexpectedly large
value was discovered when the background gas pressure
was increased. The background gas pressure could be in-
creased by moving the magnet of the sputter ion pump
that evacuated the trap region so that it overlapped fewer
pumping cells and reduced the pumping speed. (We
checked to make sure the magnetic field at the site of the
ions was not disturbed.) The composition of the gas was
not known since the pressure was measured with a Bay-
ard-Alpert gauge. However, when the vacuum vessel
containing the trap was initially evacuated the dominant
background gases were H, and He as determined by a
quadrupole mass analyzer. Therefore we expect that the
background gas during the frequency standard measure-
ments was either H, or He, or both. If the background gas
was dominated by He, the fractional pressure shift was
measured to be about ~3 X 107° Pa™'; if the background
was dominated by H,, the pressure shift was measured to
be about —9 X 107® Pa~'. Atomic ion hyperfine pressure
shifts for He have previously been measured in *’Ba*
[14] and in '"Hg* [8] to be 5 x 107" Pa~! and 4 x
107" pa~! respectively. The authors of [14] show that
the charge induced multipole interaction between the Ba™
and the noble gas atoms used in that study should give an
important contribution to the pressure shift. Since this in-
teraction depends primarily on the polarizability of the
neutral we would expect that the pressure shift for He at-
oms on *Be* ions would not be significantly different than
that for Ba* or Hg*. Similarly, since the polarizability of
H, is midway between Ar and Ne, we might expect the
pressure shift for H, on Be™ to be near those for Ar and
Ne on Ba™, which were measured to be —6 X 1079 pa~!
and —6 X 107° Pa™! respectively.

The apparent large discrepancy between our data and
other measured pressure shifts is not understood at this
time. One possible explanation is suggested by studies
[15] of radiative association of C* with H, to form
CH; . In the models of this process, it is assumed that the
H, can stick to the C* for a long enough time to allow
the C*-H, complex to radiatively stabilize. This sticking
is possible because the collision energy can be taken up
by the internal degrees of freedom in the H, molecule.
The sticking time can be orders of magnitude longer than
the interaction time during a simple elastic collision. If a
similar sticking mechanism is active in H,~-Be™ colli-
sions, it may account for the apparent large pressure shift.
One way to check this hypothesis is to measure the pres-
sure shifts of Be™ on Ne and Ar, where the sticking would
not be expected to occur, and on H, or other polyatomic
gases, where sticking might occur.

The uncertainty in this apparent pressure shift will
probably limit the accuracy of the current *Be* clock
measurements to around 1 part in 10">. However, we hope
to more fully understand the shift before stating a final
uncertainty. We are also continuing to search for other
causes of systematic errors such as electronic offseats.

However, we feel the accuracy could be improved beyond
5 parts in 10" in the future. If the apparent collisional
shift is real, it may be necessary to use liquid He cry-
opumping to reduce the background pressure.

Hg* OpricaL CLock

The velocity in the micromotion for an ion in a quad-
rupole RF trap is proportional to the distance of the ion
from the center of the trap. For two or more laser-cooled
ions in the trap, the Coulomb repulsion between ions holds
them away from the trap center, and the second-order
Doppler shift is dominated by the velocity of micromo-
tion. However, a single ion can be held near the trap cen-
ter if sufficiently cooled. In this case the kinetic energy in
the micromotion can be equal to that of the secular motion
{21, [31, [16], [17]. If the ion is laser-cooled, resulting
Doppler shifts can be extremely small; uncertainties can
be less than 1 part in 10%° in some cases [17], [18]. How-
ever with N = 1, stability is marginal unless we make wy
high enough (see 3). One way to accomplish this is to let
wp correspond to an optical transition. Dehmelt suggested
this idea in 1973 [6]. The reasons that a clock based on
an optical transition in an ion has not been realized yet
are: 1) it took several years to isolate and manipulate sin-
gle ions in the traps; 2) local oscillators (lasers) with the
desired spectral purity are still not available; and 3) ac-
curate comparison of laser and microwave frequencies is
extremely difficult and remains an important problem.
Nevertheless the potential accuracy of single-ion optical
frequency standards is extremely high [6], [19] ( =107'8)
so it is important to pursue this research.

At NIST we have investigated the use of the 5d'°6s
28, /2 5d°6s* 2Ds /2 electric quadrupole transition
(wo/2m = 1.07 x 10" Hz) in "®Hg* (see Fig. 2) as an
optical frequency standard [20]. The single mercury ion
is confined in a miniature RF trap that has internal dimen-
sions of r, = 466 um and z, = 330 um [20], [21]. The
amplitude of the trapping field (frequency @ /27 = 21-
23 MHz) can be varied to a peak of 1.2 kV. The ion is
laser-cooled to a few millikelvins by a few microwatts of
CW laser radiation that is tuned below the %S, /2—2P1 /2 first
resonance line near 194 nm. In order to cool all motional
degrees of freedom to near the Doppler cooling limit [7]
(T = hy/2kg = 1.7 mK) the 194 nm radiation irradiates
the ion from 2 orthogonal directions, both of which are at
an angle of 55° with respect to the symmetry (z) axis of
the trap. The 282-nm radiation that drives the narrow
28, /2—2D5 /2 transition is obtained by frequency-doubling
the radiation from a narrowband CW ring-dye laser. The
frequency of the laser is stabilized by locking it to a stable
Fabry-Perot cavity. The frequency of the laser is scanned
by an acoustooptic modulator that is driven by a computer
controlled synthesizer. Up to a few microwatts of 282 nm
radiation could be focussed onto the ion in a direction
counterpropagating with one of the 194-nm light beams.

Optical-optical double resonance was used to detect
transitions driven by the 282-nm laser from the ion’s %S, /2
ground state to the metastable *Ds /2 state [20], [21]. The
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Fig. 2. Simplified optical energy-level diagram for Hg*. The lifetime of
the 2Dy, level is about 0.1 s, which would give a linewidth of approx-
imately 2 Hz on the electric quadrupole 2S,,, — D /2 transition. By
observing the presence of or lack of fluorescence from the °S, /, ~ *P, /,
transition, the quadrupole ‘‘clock’’ transition can be detected with 100%
efficiency.

194-nm fluorescence rate from the laser-cooled ion is high
when the ion is cycling between the 25, /2 and ’p, /2 states
(Fig. 2) and nearly zero when the ion is in the metastable
’Ds , state. The %S, /,-"Ds, resonance spectrum was ob-
tained by probing the S-D transition at a particular fre-
quency for the 282-nm radiation for 20 ms, then turning
off the 282-nm radiation and turning on the 194-nm ra-
diation to look for the presence or absence of scattered
photons at 194 nm. (The two radiation fields are alter-
nately applied to avoid light shifts and broadening of the
narrow S-D transition by the 194-nm radiation.) If there
was no fluorescence at 194 nm, a transition into the met-
astable D state had occurred; the presence of 194-nm flu-
orescence indicated that the ion was in the ground state
and no transition was recorded for this frequency of the
282-nm laser. The frequency of the 282-nm radiation was
then stepped and the measurement cycle repeated. As the
frequency was swept back and forth each new result at a
particular frequency of the 282-nm radiation was aver-
aged with the previous measurements at that frequency.
Normalization (or digitization) of the signal was obtained
by assigning a | to each measurement of high fluores-
cence and a 0 to each measurement of no fluorescence.
The high fluorescence level made it possible to determine
the state of the atom with almost no ambiguity in a few
milliseconds. Thus, it is possible to reach the shot noise
limit imposed by the single atomic absorber [21].

The quantized fluorescence signal obtained from an 8
MHz scan of the 282-nm laser through the S, J2(my =
~1/2) = *Ds/(m; = 1/2) Zeeman component of the
electric quadrupole transition in '*®Hg* is shown in Fig.
3. The recoilless-absorption resonance (carrier) and the
motional sidebands due to the secular motion in the har-
monic well of the RF trap are completely resolved [21].

To avoid broadening of the quadrupole transition due
to magnetic field fluctuations, we have recently [22] per-
formed the same experiment on the %S, /2(F =0, mp =
0) = *Ds/,(F = 2, mp = 0) transition in '**Hg™, which
becomes field independent as B — 0. The carrier is now
observed with a linewidth Ay < 100 Hz (limited by laser
spectral purity), which gives a line Q of about 10", the
highest reported in atomic or molecular spectroscopy.

T o1 11 1 rrrrrr 117117
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Fig. 3. Quantized signal showing the electric-quadrupole-allowed 5d '°6s
S, /2(m; = =1/2) = 5d°6s* *Ds,(m; = 1/2) transition in a single,
laser-cooled '*®Hg* ion. On the horizontal axis is plotted the relative
detuning from line center in frequency units at 282 nm. On the vertical
axis is plotted the probability that the fluorescence from the 6s 25, /2-6p
p, /2 first resonance transition, excited by laser radiation at 194 nm, is
on. The electric-quadrupole-allowed S-D transition and the first-reso-
nance S-P transition are probed sequentially to avoid light shifts and
broadening of the narrow S-D transition. Clearly resolved are the re-
coilless absorption resonance (carrier) and the Doppler sidebands due to
the residual secular motion of the laser-cooled ion. Each point is the
average of 230 measurement cycles (from [21]).

Current efforts are devoted to improving the 282-nm laser
spectral purity by locking it to a more stable reference
cavity. If the laser’s spectral purity can be made high
enough, then when the laser is locked to the ion transi-
tion, stabilities are anticipated to be better than 107"
7~("/2) and accuracies could be 1 part in 10'® or better

(11, (3}, [6], [17])-[21].

FUTURE PENNING TRAP EXPERIMENTS

The *Be* ion experiments have the primary disadvan-
tage that w, is relatively low and the resulting frequency
stabilities are modest. We might hope to substitute “*'Hg™*
ions in place of the °Be™ ions because **'Hg* has a higher
frequency clock transition (wo/27 = 26 GHz), which is
field independent at B = 0.534 T [1]. However two dis-
advantages compared to the °Be* case arise: (1) If the
Hg" is sympathetically cooled by lighter ions such as Mg*
or Cd* it will reside in an annulus surrounding the lighter
ions [13]; this makes the second-order Doppler shift larger
for a given density and number of ions. (2) °Be* and
Mg™* have simple optical pumping schemes whereby a
single laser frequency can be used to optically pump into
a single ground state sublevel [10]. For *'Hg* or '°Hg"*
in a strong field (required for a Penning trap) optical
pumping schemes would require auxiliary laser lines at
194 nm and microwave oscillators to manipulate the
ground state sublevels [1]; the simple optical pumping
schemes as in the case of Be* and “Mg* do not appear
possible. '**’Hg* in a Penning trap would provide a very
interesting system when magnets of high enough field
strength become available. For example, the (m; = 1/2,
my = 1/2) « (—1/2, 1/2) hyperfine transition in the
ground state of 'Hg* (wy/27 = 20.9 GHz) is field in-
dependent at B = 43.9 T. At present, we must await the
required magnet.
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TABLE I
EXPECTED FREQUENCY STABILITIES FOR VARIOUS IONS OF INTEREST FOR FREQUENCY STANDARDS
a,(1s)

M, (u) M, (u) @Wo B(T) £ |AVD2/"0| b, Zy(cm) N, T* (T = 100 5)
9(Be*) 26(Mg*) 303 MHz' 0.8194 0.1 107" 125 ym 0.5 6630 65 mK 6.45 x 10713
9(Be*) 26(Mgt) 303 MHz' 0.8194  0.01 1071 1.25 mm 0.5 67400 65 mK 2.02 x 107"
67(Zn*)  113(Cd*%) 1 GHz* 8 0.1 107" 56 um 0.5 28500 484 mK 9.44 x 107"
67(Zn*)  113(Cd") 1 GHzB 8 0.01 107" 560 pm 0.5 292000 484 mK 2.94 x 107"
199(Hg*)  203(Tl") 20.9 GHz 43.9 0.01 1071 58 um 0.5 52400 144 mK 3.51 x 107
201(Hg*) 203(T1") 25.9 GHz' 0.534 0.1 1071 1.48 mm 0.5 50100 145K 2.75 x 107'*
201(Hg*) 203(TI") 25.9 GHz' 0.534 0.01 107" 1.48 cm 0.5 524000 145K 8.49 x 107'®
201 (Hg*) 203(T1") 7.73 GHz 3.91 0.1 1071 204 um 0.5 50100 1.45K 9.21 x 107"
201 (Hg*) 203(TI%) 7.73 GHz' 3.91 0.01 107" 2.04 mm 0.5 524000 1.45K 2.85x 107"

“The ions are assumed to be confined in a Penning trap and sympathetically cooled. M, is the mass of the ‘‘clock’’ ion in atomic mass units (u),
M, is the mass of the ion that is directly laser cooled and sympathetically cools M,. For all cases M, < M, so that the cloud geometry of Fig. 5
applies. The clock frequency w, is assumed to be *‘field independent’’ as for the *Be* case described in the text. This choice determines the magnetic
field. From the magnetic field B and an assumed value of £ (6), the density of species 1 can be determined from (5). If we desire a certain value of
the second order Doppler shift ( Avp,/v,), we then determine a value of the cloud radius b, and the ion number (7) for an assumed value of z,.
From (3), we then determine ¢, (7) assuming T = 100 s for the Ramsey interrogation time. We refer to o, (1 s) for convenience. T* is the temperature
at which the second order Doppler shift from the axial and cyclotron motion would be equal to the value listed in the table. Therefore we have
implicitly assumed the temperature of the cyclotron and axial motion is much less than T*. From this, we see the importance of laser cooling.

Within the limits imposed by today’s technology, an
experiment similar to the *Be* experiment but with better
expected performance might be provided by “’Zn* ions
[23]. The clock transition could be the (m; = /2, m; =
1/2) © (3/2, 1/2) transition (wy/27 = 1 GHz), which
is field independent at B = 8 T. Some other examples are
summarized in Table I. Similar schemes are possible with
ions such as Ba™ but optical pumping is complicated.

FuTture PAauL TRAP EXPERIMENTS

The advantage of the Paul trap is that a magnetic field
is not required for trapping. This allows us to be rid of a
cumbersome magnet and allows use of transitions that are
field independent at B = 0. The primary disadvantage is
that up to the present time it has been impossible to laser-
cool very many ions (N > 100). As discussed above, the
use of small numbers may not be a limitation if w, can be
made big enough. This is the basic philosophy behind the
single-ion optical frequency standards. Even for wy /27
= 40.5 GHz (199Hg+ Yand N = 1, from (3) we can expect
(31 0,(7) = 3.9 X 107" 77C/2 when Tz = 100 s. Be-
cause the second-order Doppler shift is expected to be so
small for single ions, it is perhaps useful to look at this
case a little more closely.

The main advantage of using a single ion in an RF trap
is that the kinetic energy of micromotion can be on the
order of the secular motion energy. For a single '*Hg*
ion cooled to the Doppler-cooling limit [21], the second-
order Doppler shift would be [3] {( Avp, /v ) = —2.3 X
107'8. In a quadrupole ion trap, two or more ions in the
trap are pushed from the center of the trap by the mutual
Coulomb repulsion and the second-order Doppler shift is
higher [2]. Consider the trap shown in Fig. 4. This design
is essentially the same as that described by Prestage et al.
[5] and Dehmelt {24]. In the trap of Fig. 4, the RF electric
fields are transverse to the trap axis for the entire z extent
of the trap. If a single string of ions is trapped along the
z axis, then the kinetic energy of micromotion is about

X [P sy o' a¥a
, ‘_I/} < b
z i — esseses — —
i
" S
2% —

Fig. 4. Linear trap configuration. The alternating RF voltage V, cos ¢ is
assumed to be applied to diagonally opposing electrodes as shown. We
assume the end portions of the electrodes are long enough that the re-
sulting RF potential at the position of the ions is independent of z, so
that the RF electric fields are parallel to the x-y plane. To trap ions along
z, we assume the center four electrodes are at static ground potential and
the two sets of four electrodes on either end are at a static potential U,
(U, > 0 to trap positive ions). The average position of the ions could
be made to coincide with the RF electric field null by applying slightly
different static potentials to the four central rods to correct for contact
potential offsets etc. This geometry would allow laser beams to be di-
rected along the z axis. Such a trap might also be useful for studing
fundamental atom-radiation interactions such as the statistics of fluores-
cence from or the interaction of a cavity with two or more well localized
atoms.

equal to the kinetic energy in the secular motion. There-
fore, the fractional second-order Doppler shift could be
as low as 5kT/2mc?. This is 5/6 of the value for a quad-
rupole RF trap [2] because of the absence of RF micro-
motion along the z direction. At the Doppler-cooling limit,
this gives Avp, /vy = —2 X 1078 for all Hg™* ions in the
string.

Use of the trap of Fig. 4 would allow N >> 1 giving
good stability and still yield a small second-order Doppler
shift. For the experimentally achievable conditions of Ap-
pendix II, N = 50 ions could be stored along the z axis
like ‘‘beads on a string’’ with ion spacings of approxi-
mately 5 um. With this spacing each ion could be inde-
pendently detected by using an image detector [25], [26],
[39]. Therefore each ion could be treated as an indepen-
dent atomic clock where the clock transition could be de-
tected with 100% efficiency [21]. From (3), for T = 100
s and wy/27 = 40.5 GHz ('*°Hg™) the frequency stabil-
ity of this clock ‘‘ensemble’’ would be o,(7) = 5.5 X
1071 +=(/2)_ For these long interrogation times, sym-
pathetic cooling might be required to avoid heating while
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the Hg™ optical pumping laser was turned off to avoid
light shifts during the Ramsey period. The ions used to
cool the Hg* ions would also find a position in the string
of ions along the z axis. Arrays of traps have also been
proposed previously [27]. These trap arrays would have
the same advantages as above for increasing N and mini-
mizing the second-order Doppler shift.

For optical spectroscopy, lasers with high spectral pu-
rity are required (see the following). This is the current
limitation to reaching the natural linewidth resolution in
the NIST Hg" experiments. In future experiments, the
laser can be locked to the ion resonance line in a manner
similar to that described for the *Be* hyperfine transition.
That is, the clock transition is alternately probed on either
side of the resonance (at the frequencies near maximum
slope). After several measurements an error signal is built
up which is used to servo the average frequency of the
laser to the center of the clock resonance. A partial test
of this lock can be made by briefly interrupting this servo,
probing a portion of the clock resonance line (while as-
suming that the center of the clock resonance is given by
the most recent servo measurements), and then returning
to servo operation. This process is repeated until a reso-
nance line similar to that of Fig. 3 is obtained. This, of
course, does not test for a slow drift in the ion resonance
frequency, but should be a fairly good test of the ability
to servo the laser to the clock transition.

The main systematic error for the Hg™ optical experi-
ment may ultimately be the uncertainty in the shift of clock
transition from static electric fields of quadrupole sym-
metry such as those caused by static potentials applied to
the trap electrodes [6]. The basic idea is that the D state
of the clock transition has a quadrupole moment that can
interact with static fields of quadrupole symmetry to give
a shift that must then be measured. Although trouble-
some, it should be possible to remove this offset from a
clock calibration to about the same precision as the mea-
surement precision [3]. Dehmelt has pointed out the ad-
vantage of the singly ionized group IIIA atoms in this re-
spect [6]; the interesting clock transitions in these ions are
the 'S, = P, intercombination lines that are not shifted
by static quadrupole electric fields. However, at low mag-
netic field these transitions have magnetic field depen-
dence on the order of the nuclear Zeeman effect. There-
fore careful control of the magnetic field would be
required [6]. At higher fields, field-independent transi-
tions could be used to advantage [28]. A linear trap or
trap arrays could be used to increase SNR as described
previously. For clock transitions involving a state with a
quadrupole moment, such as for Hg*, the mutual Cou-
lomb interaction between ions would cause an additional
quadrupole frequency shift that must be taken into ac-
count [29]. For the group IIIA ions, this shift would be
absent.

LASERS AND LASER METROLOGY

For optical frequency standards and spectroscopy ex-
periments, the most outstanding current problem is that of
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local oscillator (laser) spectral purity. Lasers that are
locked to reference cavities have been shown to track the
cavity frequency to precisions of much less than 1 Hz [30].
The problem then remains that the length of the cavity and
therefore the frequency of the laser are modulated by
acoustic noise with deviations typically much greater than
1 Hz. It is desired to make this reference cavity stable
enough (frequency deviations less than the linewidth of
the optical transition) over the attack time of the servo
used to lock the laser to the ion line.

A more general problem is that of cost, power require-
ments, and complexity of the lasers required for optical
pumping and laser cooling. At present, most experiments
use near-ultraviolet laser lines provided by gas laser
pumped dye lasers that are frequency doubled or summed
to give a few microwatts at wavelengths corresponding to
certain transitions in various ions. However, this tech-
nology may simplify in the coming years. Partly because
of efforts by the optoelectronics industry, it is not unrea-
sonable to think that such lasers will be replaced by cheap,
high-efficiency solid-state lasers. This is already happen-
ing at near-infrared wavelengths where diode lasers are
used to optically pump and laser-cool neutral cesium and
rubidium atoms.

Finally, we call attention to the problem of frequency
metrology that is important in the generation of time from
optical frequency standards. The technology to connect
the microwave region of the spectrum to the optical spec-
trum through the use of synthesis chains exists [31]. Other
schemes have been proposed and are being worked on
[32], [33], [40]. However, this metrology problem is sig-
nificant and simpler schemes would help realize the full
benefits of optical frequency standards.

APPENDIX 1
SYMPATHETICALLY COOLED IONS IN A PENNING TrAP

An approximate model of a two species ion plasma in
a Penning trap is shown in Fig. 5. To make the problem
tractable, we will assume that the species of spectroscopic
interest is of lighter mass (species 1) and therefore resides
inside species 2, which is directly laser-cooled. The case
where species 2 is sympathetically cooled by species 1
[13] could be treated in a similar manner. If we assume
N, << N,, we can approximate the species 1 ions by a
cylinder of radius b, and height 2z,,. If we can assume
that the cyclotron and axial motion of the ions have been
cooled to negligible values, the second-order Doppler shift
averaged over ions of species 1 is due to the velocity of
cloud rotation and is given by

(Avpy/vy) = —w'bi/4c, (4)
where w is the rotation frequency and c is the speed of
light. The density of species 1 is

n = me(h ~ w)/27q] (5)

where m|, Q,, and ¢, are the mass, cyclotron angular fre-
quency and charge of species 1 [34], [35]. An experimen-
@nully useful parameter to characterize the density of spe-
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Bz

Fig. 5. Approximate model for a sympathetically cooled ion sample in a
Penning trap. We assume g, /m, > ¢,/m, so that species 1 (which is
the ‘‘clock’ species) is approximated by a uniform density column of
height 2z, and radius b,. Species 2 is assumed to be continuously laser
cooled and by the Coulomb interaction continuously cools species 1. All
ions are assumed to be in thermal equilibrium and therefore co-rotate
about the 7z axis at frequency w. The second order Doppler shift of spe-
cies 1 is assumed to be dominated by the velocity in this rotation.

cies 2 is the parameter
(6)

where {1, is the cyclotron frequency of species 2. £ is the
ratio of the rotation frequency w to the maximum allow-
able rotation frequency {2, /2 given by the Brillouin den-
sity [34], [35].

From (4)-(6), and the formula N, = 27b,%z n, we
have

Ny = 8myc’zy(1 = Emygy/2maqy) —Arpa/vo) [ Eq192
(7)

where m, and ¢, are the mass and charge of ions of species
2. From these expressions and (3) applied to species 1,
we can generate the parameters of Table I. Accuracy of
10~'° with reasonable stability seems possible. Of course
the local oscillator spectral purity must be good enough
to reach these conditions. The *?Hg™ example is not now
realistic due to the lack of a suitable magnet.

£ =20/

APPENDIX II
LiNEaR PauL Trar
To describe the trapping from ponderomotive fields we
assume that near the trap axis, the time varying potential
has the form

_ Vo(x2 = )’2)
B 2R

where R is approximately equal to the dimension rq indi-
cated in Fig. 4. (R = ry if the electrode surfaces lie along
equipotentials of (8).) If Q is high enough (defined in the
following) this results in the harmonic pseudopotential
well in the radial direction:

(8)

cos

2
qV m
$p = o (x* + ) = 2 w2(x? + %)

(9)

where w, = qV,/ («/2. mQR?) is the single-ion oscillation
frequency in the radial direction. Expression (9) is ex-
pected to be fairly accurate when @ >> w,, which is the
condition for  being large enough.

For the static potential due to voltage U, applied to the
end sections, we will make the approximation that, near
the center of the trap, this potential is given by

b, = kUp(2 — (x* +¥)/2)

= 2 G2 - (7 + ) /2)

2 (10)

where k is a geometric factor and w, is the z oscillation
frequency for a single ion in the trap. Equation (10) rep-
resents the lowest order term in the expansion of the static
potential for the electrode configuration of Fig. 4 with the
bias assumed. If the length of the central rods is long
compared to their spacing, then higher-order terms in the
expansion become more important so that the static po-
tential changes significantly only near the point of sepa-
ration between the end and center sections. For simplic-
ity, we will assume that the length of the central rods is
approximately equal to the rod spacing and that the extent
of the ion sample is small compared to R so that (10)
should be a reasonable approximation to the actual poten-
tial.

The addition of this static potential weakens the strength
of the pseudopotential well in the radial direction so that
the total potential in the radial direction is given by

_m.o, 2 2 2y o2y 2 2
¢>r—2q(wr w;/2)(x" + ¥7) 2q(wr )(x* +y7)

(11)

where ] is the single ion radial oscillation frequency for
the combined potentials.

A possible advantage of such a linear trap may be for
laser-cooling large numbers of ions in an RF trap. As has
been noted in recent papers [36], [37], the RF micromo-
tion in a quadrupole Paul trap perturbs the ion’s spectrum
and can inhibit laser-cooling. This may be one of the main
reasons large numbers of ions in an RF trap have not been
laser cooled. If a cooling laser is directed along the z axis
of the trap in Fig. 4, the ion’s spectrum is not perturbed
by micromotion and laser cooling should occur according
to the simple theory [38], [41] if RF heating is not too
severe.

““‘Beads on a String”’

The most interesting case for accurate spectroscopy is
when all ions are confined along the z axis. To analyze
this case, first assume that w, is large enough to make the
ions lie along the z axis. Then, for a given N and w,, we
minimize the total ion potential to obtain z;, for i = (1,
-+ +, N). From the z; we can then find a condition on
w, to insure all ions stay along the z axis.

For ions pinned on the z axis, the total ion potential
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energy is
N N

m -1
gr=7ei 2z +q Llu-z  (12)

Using a computer, we have minimized ¢7 as a function
of ion positions for various experimental parameters. Near
z = 0 (trap center), the ions are closest together and fairly
regularly spaced. The closer the spacing, the higher w;
must be to maintain all ions on the z axis.

To find the condition on ], consider an infinite string
of ions with equal spacing d along the z axis. If one ion
is displaced a distance 6x(<< d) from the z axis, it ex-
periences a force away from the z axis of strength

® 2 2
F, = <2 ) n_3> % ox = (2.404) 3—3 sx. (13)

n=1

If we have only 5 ions spaced by d the analogous force
on the center ion is given by (13) with the numerical fac-
tor equal to 2.250 rather than 2.404. Therefore even if the
ions are only approximately evenly spaced, (13) will be a
good estimate of F, for a particular ion if we take d to be
the mean of the spacing to the nearest neighbor ions. For
the ions to be stably trapped on the z axis, we want the
pseudopotential force inward to be larger than the force
outward as expressed by (13). From (11) and (13) we
therefore require that

(@)’ > 2.404 & /md® (14)

or w. /21 > 91.9 (Md*)~'/?) where M is the ion mass
in atomic mass units, d is the spacing in micrometers, and
w; /27 is in megahertz.

As an example, for N = 50, w,/27 = 50 kHz, and M
= 199 ("’Hg™ ions), the computer calculation gave an
overall string length of 266 pm. The spacings of adjacent
pairs of ions in pm, starting from the outermost pair of
ions on one end and ending with the center pair are: 10.48,
8.46, 7.43, 6.77, 6.30, 5.95, 5.68, 5.46, 5.28, 5.12,
4.99, 4.88, 4.79, 4.71, 4.64, 4.58, 4.53, 4.48, 4.45,
4.42,4.39, 4.37, 4.36, 4.35, 4.35. Using d = 4.35 pm,
we find from (14), w!/27 > 718 kHz, w,/2% > 719
kHz. If R = 0.75 mm and @ /27 = 5 MHz, then we re-
quire V, > 233 V.
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A 303-MHz Frequency Standard Based on Trapped
Be™ Tons

J. J. Bollinger, D. J. Heinzen, W. M, Itano, S. L. Gilbert, and D. J. Wineland

Abstract—A 303-MHz hyperfine transition in the ground state of *Be*
was used as a basis of a frequency standard. The ions were stored in a
Penning ion trap. Linewidths as narrow as 900 Hz were obtained. The
frequency stability was measured to be better than 3 x 10 ~'77'/2,
The inaccuracy in the second-order Doppler shift was reduced to 5 parts
in 10'* by laser cooling. An apparent pressure shift with an unexpect-
edly large value was discovered which limits the accuracy of the cur-
rent experiment to approximately 1 part in 10",

I. INTRODUCTON

ON TRAPS provide the confinement with low perturbations

necessary for improved frequency standards. For a micro-
wave (or RF) frequency standard, typically many ions are stored
in a trap in order to increase the signal-to-noise ratio and obtain
good frequency stability. With many ions in a trap, the second-
order Doppler shift is one of the largest systematic contributions
to the inaccuracy of the standard [1]-[6]. In frequency stan-
dards which aim at high accuracy, the technique of laser cooling
can be used to reduce the second-order Doppler shift to an ac-
ceptable level [1]~[3]. In this paper we investigated the use of
Be™ ions stored in a Penning trap to make a microwave (or RF)
frequency standard with high accuracy. Be™" is technically easy
to trap and laser cool and, therefore, is a good candidate for
investigating the use of stored ions as a microwave frequency
standard. Other ions with even higher potential line Q’s are dis-
cussed in [3].

Fig. 1 shows the energy level structure of the ground state of
°Be* as a function of the trap magnetic field B. At B = 0.8194
T, the transition between levels 1 and 2, called the clock tran-
sition, depends only quadratically on magnetic field fluctuations
and is, therefore, a suitable transition for a frequency standard.
In this experiment, an oscillator is locked to this clock transi-
tion. The basic idea of this experiment has been described pre-
viously [7]-[10]. A description of the current experiment [10]
is given below.

II. EXPERIMENTAL TECHNIQUE

Between 5000 and 10 000 *Be* ions and 50 000 to 150 000
26Mg* ions were stored simultaneously in a cylindrical Penning
trap [11] with B = 0.8194 T under conditions of high vacuum
(= 1078 Pa). In order to minimize second-order Doppler shifts
of the clock transition, the °Be™ ions were cooled to less than
250 mK by the following method. The **Mg™* ions were directly
laser cooled and compressed by a narrow-band ( ~ 1 MHz) ra-
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Fig. 1. Hyperfine energy levels (not drawn to scale) of the *Be* 25 7S, ,,
ground state as a function of magnetic field. At B = 0.8194 T the 303-
MHz clock transition is independent of magnetic field to first order.

diation source at 280 nm. The °Be™ ions were then sympathet-
ically cooled [12] by their Coulomb interaction with the cold
Mg* ions. A narrow-band 313-nm radiation source was used to
optically pump and detect the °Be™ ions [13), [14]. Lenses were
used to image the *Be™ fluorescence onto the photocathode of
a photon-counting imaging detector. The overall detection ef-
ficiency was ~2 X 107*. With the 313-nm source tuned to the
2528, (m; = 3/2, m; = 1/2) to 2p*P3;,(3/2, 3/2) transi-
tion, 94% of the Be* ions were optically pumped into the
25%S,,2(3/2, 1/2) ground state. The 313-nm source was then
turned off to avoid further optical pumping and ac Stark shifts.
The sympathetic cooling of the *Be* ions by the Mg™ ions pro-
vided a steady cooling source independent of the 313-nm radia-
tion and therefore permitted the use of long transition times.

The clock transition was detected by the following method.
After the 313-nm source was turned off, the jons in the (3/2,
1/2) state were transferred to the (1/2, 1/2) state and then to
the (—1/2, 1/2) state by two successive RF 7 pulses. Each
pulse was 0.2-s long and resonant with the appropriate transi-
tion frequency (around 321 and 311 MHz, respectively). The
clock transition was then driven by Ramsey’s method of sepa-
rated oscillatory fields with RF pulses of about 1-s duration and
a free-precession time on the order of 100 s. Free-precession
periods as long as 550 s were also used. This procedure trans-
ferred some of the ions from the (—1/2, 1/2) state to the
(—3/2,1/2) state. Those ions remaining inthe (—1/2,1/2)
state were then transferred back to the (3 /2, 1/2) state by re-
versing the order of the two RF =« pulses. The 313-nm source
was then turned back on, and the population of ions in the
(—3/2, 1/2) state was registered as a decrease in the *Be*
fluorescence, relative to the steady-state fluorescence, during
the first second that the 313-nm source was on. The time for
optical pumping from the ( =3 /2, 1/2) state to the (3 /2, 1/2)
state was approximately 10 s. After each measurement the sys-
tem was reinitialized by leaving the 313-nm laser on for about
25 s.

III. RESULTS

Fig. 2 shows the Ramsey signal obtained with a 550-s free
precession period. The 900-pHz linewidth gives a line Q of 3.4
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Fig. 2. Ramsey signal of the clock transition for a 550-s free precession
period. The data are the result of one sweep (that is, one measurement per
point). The sweep width is 2.4 mHz and the frequency interval between
points is 0.2 mHz. The dots are experimental and the curve is a least-

squares fit.

x 10''. Ramsey signals obtained with a 100-s free precession
period were used to servo the frequency of a synthesized RF
source [7]-[10]. Measurements were taken near the frequencies
corresponding to the half minimum points on both sides of the
center frequency. The difference in the measured signal
strengths on either side of the line center was used by a com-
puter to servo the average frequency of the synthesizer to the
clock transition frequency. Most runs were taken with a com-
mercial cesium beam clock (fractional frequency stability o, (7)
= 6 x 107"*77'/2 for measurement time 7 in seconds) as the
reference oscillator for the synthesizer, but a few runs were
taken with a passive hydrogen maser (o, (1) = 2 — 3 X 1072
77 '/2) as the reference oscillator. The stability of the *Be™* clock
was measured to be better than 3 x 1072 77'/2 for 10°s < 7
< 10* s, which is within a factor of 4 of the theoretical limiting
stability for the number of ions used [3]). For r = 108 s the
frequency stability was apparently limited by the pressure shift
discussed below to ~3 x 107 '*. The largest contribution to the
second order Doppler shift was due to the E X B rotation of
the ions about the axis of the trap. The rotation frequency and
ion cloud radius were measured by using a weak laser beam to
probe the ion cloud [13]. The fractional second-order Doppler
shift was calculated to be (—1.2 + 0.5) x 107",

An apparent pressure shift more than three orders of magni-
tude larger than expected was discovered when the background
gas pressure was increased. The background gas pressure could
be increased by moving the magnet of the sputter ion pump
which evacuated the trap region so that it overlapped fewer
pumping cells and reduced the pumping speed. (We checked to
make sure the magnetic field at the site of the ions was not
disturbed. In addition, the shape and apparent temperature of
the ion cloud could be monitored immediately before and after
the Ramsey interrogation period from the image of the ion flu-
orescence. The increased background gas had a negligible effect
on the cloud shape and temperature.) The composition of the
gas was not known since the pressure was measured with a Ba-
yard-Alpert gauge. However, when the vacuum vessel contain-
ing the trap was initially evacuated, the dominant background
gases were H, and He. If the background gas was dominated
by He, the fractional pressure shift was about —3 X 107¢Pa™';
if the background was dominated by H,, the pressure shift was
about —9 x 107® Pa~'. Atomic ion hyperfine pressure shifts
due to He have previously been measured in '*’Ba* {15] and in
'"Hg* [16) to be 5 x 107" Pa~' and 4 x 107'' Pa™', re-
spectively. Vetter et al. [15] show that the long-range charge-
induced interaction between the Ba* and the noble gas atoms
gives one of the largest contributions to the pressure shift. Since

this interaction depends primarily on the polarizability of the
neutral atom we would expect that the pressure shift for He
atoms on *Be* ions would not be significantly different than that
forBa" or Hg". Similarly, since the polarizability of H, is mid-
way between Ar and Ne, we might expect the pressure shift for
H, on Be" to be near those for Ar and Ne on Ba™, which were
measured to be —6 X 107° Pa=' and —6 x 107! Pa~', re-
spectively [15].

The apparent large discrepancy between our data and other
measured pressure shifts is not understood at this time. One
possible explanation is suggested by studies [17] of radiative
association of C* with H, to form CH; . In the models of this
process, it is assumed that the H, can stick to the C* for a long
enough time to allow the C* —H, complex to radiatively sta-
bilize. This sticking is possible because the collision energy can
be taken up by the internal degrees of freedom in the H, mol-
ecule. The sticking time can be orders of magnitude longer than
the interaction time during a simple elastic collision. If a similar
sticking mechanism is active in H, — Be™ collisions, it may
account for the apparent large pressure shift. We plan to check
this hypothesis by measuring the pressure shifts of Be* on Ne
and Ar, where the sticking would not be expected to occur, and
on H,, where sticking might occur.

If the apparent collisional shift is real, the background pres-
sure of 1078 Pa in this trap will limit the accuracy of the Be*
clock to about 1 part in 10'*. We are continuing to search for
other causes of systematic error such as electronic offsets. We
feel the accuracy could be improved beyond 5 parts in 10" in
the future. It may be necessary to use liquid He cryopumping
to reduce the background pressure.
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SINGLE ION OPTICAL SPECTROSCOPY*

J.C. Bergquist, Wayne M. Itano, Frank Elsner!, M.G. Raizen
and D.J. Wineland

Time and Frequency Division
National Institute of Standards and Technology
Boulder, Colorado 80303, U.S.A.

ABSTRACT

A single '%%Hg* ion is confined in a miniature rf trap and is laser-
cooled to nearly 0.001 K. We have studied the spectrum of the narrow
5d'%6s s, - 5d%6s? 2Dy,, electric-quadrupole-allowed transition near 282
nm and obtain a linewidth below 80 Hz (FWHM). The measured lifetime of the
metastable 2D, ,, state gives a natural liﬁewidth limit for this transition
of 1.8 Hz. The narrow linewidth, the ability to detect transitions with
unit probability, and the small perturbations of a single laser-cooled ion
make it an attractive candidate for an optical frequency standard. Our
present resolution is limited by the spectral purity of the frequency-
doubled dye laser at 563 nm. Optical heterodyne measurements between two
laser beams locked to independent, high-finesse cavities give a beat note
of less than 40 Hz (FWHM at 563 nm) that is dominated by noise in the
frequency range from O to 10 Hz. This is caused by the insufficient
isolation of the cavities from mechanical vibrations in this frequency
range. Better isolation methods intended to improve the laser linewidth to
about 1 Hz or less are being investigated. A linear Paul trap, in which it
would be possible to trap and cool many ions unperturbed by rf

micromotion, is being tested.

EXPERIMENT

The ion trapping and laser-cooling have been described elsewhere!:2’,
A '°%Hg atom is ionized and trapped in the harmonic pseudopotential well
created by an rf potential applied between the electrodes of a miniature
Paul trap. The separation between the endcap electrodes (2z,) is about 650
pm. The frequency of the rf potential is about 21 MHz. Its amplitude can
be varied up to 1.2 kV resulting in a secular frequency of up to 4 MHz.
The ion is laser cooled to a few millikelvins by a few microwatts of

radiation from two 194 nm sources. One source induces transitions from the

5d'%6s %S, (F=1) to the 5d!%6p 2P, (F=0) level. This is essentially a two
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level system suitable for laser-cooling, except for weak off-resonance
pumping into the 2S,.(F=0) state. The second 194 nm source, tuned to the
2S,‘(F=O) to 2P,'(F=1) transition, returns the ion to the ground state F=1
hyperfine level. The frequency separation between the two radiation
sources is equal to the sum of the ground and excited state hyperfine
splittings (about 47 GHz). The complication of two-laser cooling is
dictated by the hyperfine structure of '®%Hg'. An isotope with hyperfine
structure is required in order to have a first-order field-independent
clock transition near B = 0. The two 194 nm beams are made collinear and
irradiate the ion at an angle of 55° with respect to the symmetry (z) axis
of the trap. In this way, all motional degrees of freedom are cooled to
near the Doppler cooling limit of 1.7 mK. 194 nm fluorescence from the
ion, collected in a solid angle of about 5 X 1073 x 4n sr, is detected with
an efficiency of 10% to give a peak count rate on resonance of about

25 000 s 1.

The 282 nm radiation that drives the narrow 5d'%6s %S, - 5d%6s? 2Dy,
transition is obtained by frequency-doubling the radiation from a cw dye
laser that is stabilized to a Fabry-Perot cavity with finesse3’

F ~ 60 000. Prior to being frequency doubled, the 563 nm radiation is
passed through an acousto-optic modulator so that its frequency can be
tuned through the S§-D resonance. Since the Zerodur®’) reference cavity
contracts at a nearly constant rate of 3.3 Hz/s3’, the acousto-optic
modulator is driven by a frequency obtained by summing the rf output of two
synthesizers. The frequency of one synthesizer sweeps opposite to the
cavity drift; the frequency of the second synthesizer is stepped back and
forth through the 5-D resonance. The 282 nm laser and the two-frequency
194 nm source are turned on and off sequentially using shutters and the
acousto-optic modulator. This prevents any broadening of the narrow S-D
transition due to the 194 nm radiation. Optical-optical double

1,6)

resonance (electron shelving)7’ is used to detect each transition made

to the metastable D state as a function of the frequency of the 282 nm
laser. At the beginning of each cycle, both 194 nm lasers irradiate the
ion. The fluorescence counts in a 10 ms period must exceed a minimum
threshold (typically 20 counts) before the interrogation sequence can
continue. The 194 nm beams irradiate the ion for sequential 10 ms periods
until the threshold is met. Then the 194 nm radiation tuned to the
2Sk(F=0) - 2P,‘(F=1) transition is chopped off for 5 ms. During this time

the 194 nm radiation tuned to the 28, (F=1) - %P, (F=0) transition optically
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pumps the ion into the 2S, (F=0) ground state. Then this 194 nm source is
turned off. One millisecond later, the 282 nm radiation, tuned to a
frequency resonant or nearly resonant with the %S, (F=0, m;=0) - %D ,, (F=2,
my=0) transition irradiates the ion for an interrogation period that was
varied up to as long as 15 ms. At the end of this period, the 282 nm
radiation was turned off and both 194 nm sources were turned on. Another
10 ms detection period was used to determine whether a transition to the D
state had been made (fluorescence counts > threshold, no; fluorescence
counts < threshold, yes). The result was recorded as a 1 or 0 (no or yes)
and averaged with the previous results at this frequency. Then the
frequency of the 282 nm radiation was stepped and the measurement cycle

repeated.

Since the frequency drift of the 282 nm laser depended not only on the
reference cavity contraction rate, but also on small pressure and
temperature changes, on laser power variations, etc.®:®) we locked the
frequency of the laser to the narrow S-D transition to remove any long term
frequency drifts. To do this, we modified the measurement cycle to include
a lock cycle. We began each measurement cycle by stepping the frequency of
the 282 nm radiation to near the half maximum on each side of the resonance
N times (N varied from 8 to 32). At each step, we probed for 5 ms, and
then looked for any transition with the electron-shelving technique. We
averaged the N results from each side of the resonance line, took the
difference and corrected the frequency of the synthesizer drifting against
the cavity. The gain of this lock needed to be properly adjusted to avoid
adding frequency noise to the laser. In this way, variations in the
frequency of the 282 nm laser for time periods exceeding a few seconds were

reduced.

In Fig. 1, we show the spectrum obtained by scanning in this drift-
free way through the Doppler-free resonance of the 2S, (F=0, mg=0) -
ZDS/Z(F=2, m;=0) transition. The lineshape shown is the result of 138
consecutive scans. The probe period was 15 ms and the step size was 15 Hz
at 563 nm (30 Hz at 282 nm). The resonance shows a clearly resolved
triplet with the linewidth of each component less than 40 Hz (< 80 Hz at
282 nm). We first thought that the triplet structure might be due to 60 Hz
modulation of the frequency of the 563 nm laser either due to grounding
problems, line pickup or inadequate servo gain. However, when the

radiation from two independently stabilized laser beams were heterodyned
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together (see next section), the 60 Hz modulation index was far too small
to account for the sideband structure observed on the S-D resonance. In
addition, the frequency separation of the peaks is nearer to 50 Hz, not

60 Hz. We now think that, most likely, the triplet structure is caused by
Rabil power broadening. The 282 nm radiation is focussed to a spot size of
about 25 um; therefore, on resonance, fewer than 10® photons/s (< 1
picowatt) will saturate the transition. Below the data is a theoretical
lineshape calculated for an ion at rest, for no broadening due to
collisions or laser bandwidth, for a pulse length of 15 ms and for
sufficient power at resonance to give a 3.5 n-pulse. Qualitatively the
figures compare well. The fluctuations from measurement cycle to
measurement cycle in the quantum-occupation-number of the ion in the
harmonic well of the trap cause variations in the transition probability of
the ion. This, and the finite laser linewidth, likely cause the general
broadening and weakening of the signal. We will investigate the lineshape

and the effects of power broadening in more detail in future experiments.
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Figure 1. On the left is a simplified energy-level diagram for !®%Hg* at
zero field. Shown in the upper figure on the right is the power-broadened
lineshape obtained by scanning through the Doppler-free resonance of the
2S,‘(F=O, mp=0) - 2D5/2(F=2» mp=0) transition in a single laser cooled
199Hp* jon. A 563 nm laser that is stabilized to a high finesse reference
cavity, which in turn is long-term stabilized to the ion, is frequency

doubled and stepped through the resonance for 138 consecutive sweeps. The
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step slze is 15 Hz at 563 nm (30 Hz at 282 nm). The lower-right figure
shows the lineshape calculated for conditions similar to the experimental
conditions for the upper figure, except that the ion is assumed to have

zero temperature and the laser is assumed to have zero linewidth.

REFERENCE CAVITY STABILITY

To simplify the study of the performance of a laser locked to a
reference cavity against external perturbations, we constructed a second
Zerodur reference cavity. This study was carried out by heterodyning the
light from laser beams locked to the two independent cavities and analyzing
the fluctuations in the power spectrum of the beat frequency. Each laser
beam was locked to its reference cavity using the reflection sideband
technique discussed in detail by Drever et al.®’ In attempting to narrow
the 563 nm laser to the order of 1 Hz or less, great care must be taken in
the electrical and optical set-up. Many of the techniques and subtle
difficulties are treated in earlier papers by Hough et al.®’ and by Salomon
et al.!%) The optical and electrical problems limit the laser linewidth in
our work at or below the 1 Hz level; the dominant contribution to the laser
linewidth is the length stability of the reference cavities.'?"12) Some
aspects of our stabilized laser systems and efforts made to isolate the

cavities from external perturbations will be summarized here.!3’

Each cavity is constructed with a Zerodur®’ cylindrical spacer that
has a diameter of 10.2 cm with a 1 cm holed bored down the axis. The
mirrors are highly polished Zerodur‘’ substrates that are coated to give
high finesse and good efficiency and then optically contacted to the
polished ends of the spacer. The cavities are suspended by two thin
molybdenum wires inside an aluminum vacuum vessel that has an inner
diameter of 26.7 cm. The wires were slung around the spacers at the nodal
positions for the lowest order bending mode (about L/5 from each end where
L is the cavity length) and attached to the walls of the vacuum vessel by
small clamps. The two wires open into a symmetric "V" at each end; with
opening angles of about 10° at one end and about 15° at the other end.
This allowed free movement of the cavities along the direction of their
axls. The damping of this motion was primarily into the aluminum housing
and from there into the table and padding used for isolation. The aluminum
vacuum vessels were thermally insulated and temperature controlled to the

4)

order of a few mK. The temperature coefficient of our Zerodur®’ spacers

was approximately 6 X 10°°/ C near room temperature. The thermal time
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constant from the walls of the evacuated aluminum housing to the spacers
was on the order of 1 day. Low pressure was maintained in each vacuum
vessel by an ion pump that was directly attached to the vessel. The
pressure in one vessel was about 8 x 10°°% Torr (1.1 x 10°% Pa) but only 2 X
107 Torr (2.7 x 107> Pa) in the second system. This is marginally
adequate, since 10% pressure fluctuations in the second system would cause
frequency fluctuations of a few Hz to the laser stabilized to its cavity

from changes in the index of refraction.

The length of one Zerodur‘’ rod results in a free spectral range of
562 MHz while the other gives 622 MHz. The finesse of the longer cavity is
60 000 and the transmission efficiency on resonance exceeds 23%. The
shorter cavity has a finesse of 90 000 and an efficiency of about 27%.
(Two Fabry-Perot cavities have been constructed from ULE‘’ spacers that are
about 10 cm long by about 7.6 cm in diameter. Both cavities have a
measured finesse that exceeds 130 000. The frequencies of the mechanical
resonances of these shorter, stiffer bars will be about a factor of 3
higher than the Zerodur bars. In general, if the frequencies of the
mechanical vibrations are high enough, the clock transition can be probed
by the "unperturbed" carrier of the laser spectrum.) The aluminum vacuum
vessels rested on Viton*) rubber strips attached to V-blocks made of
aluminum. The V-blocks were secured to a rigid plexiglass*) plate. Each
reference cavity system was mounted on separate optical tables that
(initially) consisted of surface plates damped into sand. The sand box sat
on soft rubber pads and cinder block legs in one case and on low-pressure
inner tubes and cinder block legs in the second. Noise vibrations on the
floor and on the table tops were monitored with sensitive seismometers.

Some isolation from mechanical vibrations at frequencies above 5 Hz was

achieved for both table tops.

For heterodyning purposes a small fraction of the frequency stabilized
light from each cavity was combined on a beam splitter and detected with a
fast diode. The heterodyned signal was amplified and analyzed with two
spectrum analyzers used in tandem. This allowed us not only to look
directly at the beat note but also to Fourier analyze the noise terms that
contribute to its linewidth. The first analyzer could be used to observe
the beat signal or as a frequency discriminator. As a discriminator, the
scan was stopped and the analyzer was used as a tunable rf receiver with a

variable bandwidth. The center frequency was shifted so that the
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heterodyne signal lay at the 3 dB point of the response curve. The
bandwidth was adjusted so that the frequency excursions of the beat signal
were much less than the bandwidth. This produced a one-to-one map of
frequency excursions to voltage excursions whose Fourier power spectrum
could be analyzed in the second, low-frequency (0-100 kHz) spectrum
analyzer. This allowed us to study the nature and origin of the
vibrational noise that contributes to the linewidth of the stabilized

laser.

The width of the heterodyne signal between the two stabilized lasers
was less than 40 Hz. The noise power spectrum revealed that low frequency
fluctuations in the range from near 0 to 30 Hz dominated this linewidth.
The vibrational noise spectrum measured by the seismometers on the table
tops matched the largest noise components of the beat note. The
frequencies of the pendulum motion of the suspended cavities were about 1.4
Hz and 1.48 Hz which gave FM at these frequencies. There were also bright
features in both the laser and the seismometer power spectra that came from
floor motion at 14.6 Hz, 18.9 Hz and at 29.2 Hz. These all had enough
power to contribute to the beat note linewidth. When the pendulum motions
of the bars were quiet, the integral of the nearly featureless noise power
spectrum from -~ 0 Hz to 10 Hz most strongly contaminated the spectral
purity of the lasers. Some, if not all of this noise was mechanical in
origin, but it was not clear how it coupled to the suspended cavity. To
help elucidate the connection, we drove the table tops in either the
horizontal or vertical direction with a small loudspeaker connected to an
audio signal generator. The motion of the speaker diaphragm was coupled to
the table by a rod glued to the diaphragm and gently loaded against the
table. The table could be driven at frequencies from a few Hz to about 500
Hz with enough power to be 40 dB above any background noise term. When the
loudspeaker drove the table in the horizontal plane in a direction parallel
to the axis of the cavity, the isolation of the suspended cavity was
sufficiently good that the beat signal showed no evidence of the
perturbation even at the high drive levels. However when the drive was
applied vertically at a level barely perceptible above the vertical
background noise, the heterodyne signal revealed added noise power at the
drive frequency. The stiff support in the vertical direction strongly
coupled vertical motion into effective cavity length changes. The
sensitivity of the Fabry-Perot cavity to vertical motion was orders of

magnitude higher than for horizontal motion parallel to the cavity axis.
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For practical reasons, we were unable to drive the table in the horizontal

plane in a direction perpendicular to the cavity axis.

In order to improve the vertical isolation, one table was suspended
just above the floor with latex-rubber tubing attached to the ceiling. The
resonance frequencies for both the vertical motion and the horizontal
pendulum motion of the suspended table were near 0.33 Hz. These were
damped to the floor with two small dabs of grease. The lLinewidth of the
heterodyne signal between the laser radiation stabilized to the cavity
supported on this table and the laser radiation stabilized to the cavity
supported on the best sandbox table dropped from 40 Hz to less than 20 Hz.
The Fourier noise power spectrum from 0-10 Hz is shown in Fig. 2. The
beatnote linewidth obtained by integrating the power spectrum is about
15 Hz. We suspect that the laser stabilized to the cavity on the sandbox
table is the dominant contributor to the width of the heterodyne signal
since the vibrational noise measured on this table is greater. Current
efforts are devoted to measuring the narrow S-D transition in ®%Hg* using
the laser stabilized to the cavity on the suspended table. A linear rf
Paul trap !'“"17) has been constructed and is also being tested. With this
trap it is possible to store and laser-cool many ions which gives a better
signal-to-noise ratio (thereby better stability), but it is still possible

to have a small second-order Doppler shift.
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Figure 2. Fourier noise-power spectrum of laser heterodyne signal.
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